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FINDING POSITIVE SOLUTIONS OF BOUNDARY
VALUE DYNAMIC EQUATIONS ON TIME SCALE.

Otunuga Olusegun Michael

ABSTRACT

This thesis is on the study of dynamic equations on time scale. Most
often, the derivatives and anti-derivatives of functions are taken on the
domain of real numbers, which cannot be used to solve some models like
insect populations that are continuous while in season and then follow
a difference scheme with variable step-size. They die out in winter,
while the eggs are incubating or dormant; and then they hatch in a new
season, giving rise to a non overlapping population. The general idea of
my thesis is to find the conditions for having a positive solution of any
boundary value problem for a dynamic equation where the domain of
the unknown function is a so called time scale, an arbitrary nonempty

closed subset of the reals.
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1. INTRODUCTION

This paper focuses on determining eigenvalues A, for which there ex-
ist positive solutions with respect to a cone, of the nonlinear eigenvalue

dynamic equation
YA Nf(ty?) =0, teT
with boundary conditions
any(t) + apy®(t) =0

Oégly(0'<t2)) + CKQQyA(O'(tQ)) =0.

In this equation, we consider the case where the solution is defined
on any closed subset of real numbers (called a time scale) denoted by
T, initiated by Stephan Hilger in order to create a theory that unifies
discrete and continuous analysis in calculus. This is fully defined in

Section 5.

For the special case where the time scale is the real numbers, the

equation takes the form
v A Af(ty) =0, te [t ta],
subject to the two-point boundary conditions
any(t) + any (t) =0,

a1y(t2) + gy (t2) = 0.
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Also, we consider the 3rd-order eigenvalue problem
YRR N f(t,y°) =0, teT,

with boundary conditions

on a general time scale T.

In the case where the time scale is real numbers, the equation is of

the form

"

y =XM(ty) t et ts],

subject to the three-point boundary conditions

y(ti) = B,
y/(t2> = ﬁ?a
y”(t:%) = (3.

Boundary value problems for higher order differential equations play
a role in both theory and applications. The existence of positive so-
lutions for two-point eigenvalue problems, has been studied by many
researchers by using the Guo-Krasnosel’skii fixed point theorem. We
refer readers to [11, 12, 13] for some recent results. However, few pa-

pers can be found in the literature for third order three-point boundary
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value problems (BVPs), most papers deal with existence of positive so-
lutions when the nonlinear term f is nonnegative [!]. In this paper,
we deal with the existence of a positive solution for the 2nd and 3rd
order BVPs on the general time scale, when the nonlinear term f is
nonnegative, by first defining their respective Green’s function. This
Green’s function is then used to derive the Green’s function for the 2nt*
order BVP. The Green’s function is also used to derive the condition
for which a positive solution of the 2n'* order eigenvalue differential

equation can be derived.

The rest of this paper is organised as follows. In Section 2, we com-
pute the Green’s function for the two-point boundary value problem
on R and also find the condition under which a positive solution will
exist for the two-point problem. In Section 3, we derive the Green’s
functions for even order BVPs, compute the bounds which are finally
used to proof the existence of positive solution(s) for 2n'* order BVPs.
In Section 4, we find the conditions in which positive solution(s) will
exist for the three-point problem. Sections 5 and 6 offer some back-
ground on time scales and we derive similar existence results for even
order problems and third order problem. Conclusions and future work

are discussed in the last section.
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2. SECOND ORDER BOUNDARY VALUE PROBLEM ON R
2.1. Solution to the Second Order Differential Equation

For this section, we are going to consider the second order boundary
value eigenvalue problem on the time scale T = R.

Consider the second order eigenvalue BVP
(1) Y () + M (6 y(1) =0, ¢ € [t to]
with boundary conditions

any(t) +apy (b)) =0
any(ta) + agy (t2) =0

(2)

where f : [t1,t5] x RT — R* is continuous, and a1, a1, aq2, g are

real constants.

We will assume the following condition: Ay : f: [t1,65] x Rt —

R* is continuous.

We define the nonnegative numbers fy, f°, fo, and f> by

\'&k
<
~—

fo= lim min
y—0t t€[t1,t2]

~
—~ ~~
RN

~—

0 . 9 y
7= lim max
y—0+ tG[tl,tg] Yy

t
foo = lim min f{ty

Y—00 tE(t,to] )
L,

~—

~—

= lim max i
Yy—00 tE€[t1,ta] Yy
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and assume that they all exist in the extended reals.

Now we are going to find the solution of the second order prob-
lem. We shall show that the solution y(¢) is of the form y(t) =
fttf G(t,s)g(s) ds where G(t, s) is defined below.

Writing v (t) = —g(t, y(t)) where g(t,y(t)) = Af(t,y(t)) and solving
the differential equation (1) using Laplace transform, we have
L(y"(t)) = —L(g(t)) which implies s*L(y(t)) —sy(0)—y (0) = —L(g(t)).
That is L(y(t)) = 1y(0) + Ly/(0) — ZL(g(1).

Taking the inverse Laplace of both side, we have

o) = 9O+t 0~ [ (¢ S)gls)ds,and

t1

() = y(0)— / o(s) ds.

t1

Using the boundary conditions, we have

any(ty) + any () = 11 (y(0) + t1y (0)) + ar2y (0) = 0,

which implies,

i

Oéuy(()) + (O./Htl + Oélg)y (O) =0.

Likewise,

any(ta) + g0y (t2) =0

implies

s (0 + /0~ [t = 1at6)ds ) vz (40) = [ ats)as) =0

t1 t1
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which implies that

/t2 (o1 (ta — s) + ag2)g(s) ds.

t1

04213/(0) + (0621t2 + OéQQ)Z/I(O) =

Solving for %(0) and y'(0), we have

—(A
y(0) = 5
’ CY11A
y(0) = D

where

(3) f ﬁg - 06218 (S)dS
D = a3, — a1 51,

@—5@%ﬂmt+%%i:L2

_ t
y(t) = %A %At — /tl (t—s)g(s)ds
2 ayy

= /tl —51 (B2 — aa15)g(s) ds + Ft(ﬁg — a915)g(s) ds

t1

- [ty

t1

% tltz (B2 — agi8)(ant — Bi)g(s) ds — /tl (t—s)g(s)ds.

= /;2 G(t,s)g(s)ds

Therefore,

where

5B —an1s)(aart — B2) ifty <5 <t <ty
4) Gts)= "
5(Bo — agys)(ant — By) ifty <t <s<to.
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Throughout this section, we will require the following conditions:

AQ : 0611>0,0621>0;

t. .
As - my <ty <ty <moy, where mi:ﬁ(l): ﬁl,izl,?
Qi1 Q1

Note: aﬁ—lll < t; implies that (1 —aq1t; < 0 which implies that a5 <0
and aﬁ—; >ty implies that [y — apit; < 0 which implies that ags > 0.

Now, we establish some preliminary results that will be used later.
2.2. Properties of the Function G(t,s)
We give some Lemmas on the above function G(t,s) .
Lemma 2.1. G(t,s) >0 for (t,s) € [t1,t2] X [t1,1ta].

Proof. For t; < s <t <ty using conditions A; and A,, we have

ﬁ < sgtgﬁ so that D = a1102 — as181 >0 and
11 Qo1
1
G(t, S) = 5(0[2115 — ﬁg)(ﬁl — 06118> > O

Also, for t; <t < s <ty, wehave 2L <t <5 < 22 50 that G(t,s) > 0.

Therefore, G(t,s) > 0 for (¢,s) € [t1,ta] X [t1,t2]. O

Lemma 2.2. The function G(t,s) satisfies the homogeneous differen-

tial equation —y" = 0 and the boundary conditions (2) for fived s.

Proof. Since G(t,s) is a polynomial of degree one, then it satisfies
LG(t,s) =0 forall (t,s) € [tr,ta] X [t1,ta].
Note that differentiation is with respect to t.

For tl S t S S S tg, %G(t, S) = %0411(52 - 04218) so that

OéllG(tl, 8) + OéuG/ (tl, 8) =0.
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Also for t; < s <t <ty, G'(t,5) = %agl(ﬁl — aq18) so that

OéQlG(tg, S) —+ OéQQGl(tQ, S) = 0.

Lemma 2.3. For any fized s € [t1,ts], the function G(t,s) is continu-

ous for every t € [ty,ts].

Proof. Clearly, G(t, s) is continuous everywhere on [t1, 2] X [t1, 2] since

it is continuous at the point t = s. Hence, the proof is complete. [

Lemma 2.4. 2G(t,s) has a jump discontinuity with a jump of factor

—1 at the point t = s.

Proof. Here, we show that the limit of %G (t,s) as t approaches s from

above differ from its limit as t approaches s from below by —1.

G'(sT,s) =G (s7,s) = lim G'(t,s)— lim G (¢, )

t—st t—s—
1

= 5(0‘2151 — Q910118 — 112 + 1101 8)
1

= 5(a21ﬁ1 —anf) =1L

Lemma 2.5. Define

. [ G(t1,s) G(ty,s)
©) 7‘m”‘{c:(s,sr (s, 9) }

then 0 < v < 1.




Proof. Since G(t,s) >0 for all (¢,s) € [t1,t2] X [t1,ta], ¥ > 0.

Case (i) If s =t;, v = min {1, ggjg;} , which implies

Gty t ty —
y= (2, 1):04212 52<1.
G(ti,t1)  anti — 5

Case (ii) If s =ty , then ~ = min {1, GG((t tlz’tfz)} which implies
G(t1,t
v = ( 1, 2) < 1
G(t27 Z52)

Hence, the proof is complete.
Theorem 2.6. Assume that conditions Ay — As holds then,
vG(s,8) < G(t,s) < G(s,s)

where
. G(t1,5> G(tQ,S)
0<7=mini G(s,s)” G(s,s)

P <1

15

Proof. Case (i) For t; < s <t <ty, G'(t,5) = 22(6 —ans) <0,

which implies that G(¢, s) is a decreasing function of t so that G(t, s) <

G(s,s) and also for t < ¢y, g((zz)) > % > ~ which implies

vG(s,s) < G(t, s).

Case (ii) For t; <t < s <, G/(t, s) = %all(ﬁg — ag18) >0

implies that G(t, s) is an increasing function of t so that
G(t,s) < G(s,5)

and also for t > tq,
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and so we have

vG(s,s) < G(t,s).

Therefore, vG(s,s) < G(t,s) < G(s,s) for t; <t, s < t,. O

2.3. Definition of Green’s Function

Consider the linear homogeneous differential equation

n

(6) > ay =0, telt,t,]

=0

subject to the homogeneous boundary conditions
(7) Oézly(tz) + Oéigy/(ti) + -+ Oéinyn_l(ti> = O, 1= ]_, 2, n.

For each fixed s € [t1,t2], a function H(t,s) with the property that
(i) H(t,s) satisfies the differential equation

(ii) H(t,s) satisfies the homogeneous boundary conditions
(i) H®(t,s),i=0,1,2,..., n-2 is a continuous function of t on [t1,,]
(iv) H® (st s) — H V(s 5) = anl(s) att =s

is called the Green’s function of (6) satisfying (7).
So, from this definition, we can conclude from Lemmas 2.2, 2.3 and 2.4

that the function G(t, s) is the Green’s function for the equation
—y (t) =0, t€lts,ts]

with boundary conditions
any(ty) + oy (t) =0

a1y(t2) + oy (t2) = 0.
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In this section,we find the range of A for which there exist a positive

solution for (1) satisfying (2).

Definition 2.7. Let X be a Banach space. A non empty closed convex

set k is called a cone of X, if it satisfies the following conditions:
(i) acqu+ asv € K,V u,v € k and ay, g > 0,

(ii) v € k and —u € &, implies u = 0.
Let y(t) be the solution of the BVP (1) satisfying (2), given by

®) y(t) = A / "Gt ) f(s,y(s)) ds.

t1

Define
X = {u]u - C[tl,tz]},
with norm
= t)l.
Jull = max fu(t)

Then, (X, ||.||) is a Banach space. Define a set x by

9) k={ueX:u(t)>0 on [t1,ts] and I[nin]u(t) > llull}
te|ty,ta

where v is defined in (5).

In the next Lemma, we show that s defined above is a cone.

Lemma 2.8. The set k is a cone in X, where K is defined in (9).

Proof. Let {u,} € k ,n € N, be such that ||u, — ug|]] — 0 as n —

oo, where uy € X. Then wu,(t) > 0 on [ti,t2], and min{u,(t)} >
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Yunll, ¥V n € N. Thus, given € > 0, there exist N € N such that
—€ < up(t) —up(t) < e t €lty,ta], n > Nand so 0 < u,(t) < up(t)+ €
, t € [t1,ta],m > N. Hence ug(t) > 0 on [ty,ts], then 1}1_{210 min{u,(t)} >
77}1_{{.10 ||un|| and tergli%]{un(t)} > |lugl|, t € [t1,t2], implies uy € k and
so K is closed.

Now let u,v € k and ay,as > 0. Then aqu(t) + agv(t) > 0, t € [t1,t2],

and
in t) + t > mi t); + mi t
(uin {oqu(t) +asu(t)} = on min {u(t)} +as min {v(t)}
> arylfull + axylfv]
> llagu + agvl].
Therefore, ayu + asv € k. Hence the proof is complete. 0

Define the operator T': k — X by
to
(10)  (Ty)(t) = A / G(t, 5)f(5,y(s))ds, for all ¢ € [ty, 1],
t1
If y € k is a fixed point of T', then y satisfies (8); hence y is a positive
solution of the BVP (1) - (2). We seek a fixed point of the operator T

in the cone k.

Now, we show that the operator defined in (10) preserves the cone.

Lemma 2.9. The operator T, as defined in (10), preserves k. That is,

T:k— K.

Proof. Let y € k. Since G(t,s) > 0 forall t € [ty,t2], we have
(Ty)(t) >0 for all t € [t1,ts]. Then from Lemma 2.6,
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1

(Ty)t) = A / "Gt 5) (s y(s)) ds

v

A / 2G(s,5)f (5. 4(s)) ds

t1
to

Ay max G(t,s)f(s,y(s))ds,

t1 tE[tl,tQ}

YA max /t2 G(t,s)f(s,y(s))ds,

tefty ta] Sy,

v

v

= 7Tyl

Therefore,

min (Ty)(t) > [ Tyl|-

t€(t1,t2]

So, (Ty)(t) € k. Hence T': k — k. O

Now we need to show that the operator T' is completely continuous

on the cone k.

Lemma 2.10. The operator T' is completely continuous, where T s

define in (10).

Proof. Lety € k and € > 0 be given. By the continuity of f, there exists
d > 0 such that for any u € [0,00) with |y(t) —u| < & , t € [t1,t],
then |f(t,y(t)) — f(t,u)| < e. Let w € k with |ly — w| < § , then
lw(t) —y(t)| <4, for all t € [t1,t2]. So we have,

(Ty)(t) — (Tw)(B)] = A/2G(lﬁS)lJ"‘(S,y(S))—f(&w(S))IdS

t1

IN

to
6)\/ G(t,s)ds

t1
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Thus, [[(Ty)(t)—(Tw)(t)|| < eA fttf G(t,s)ds and T is continuous. Now,
let {y,} be a bounded sequence in k. Since f is continuous, there exists
N > 0 such that |f(t,y(t))| < N for all n where t € [t1,t2]. For each

n,

(To)®)] = A / "Gt ) f(5,yuls))ds

< A / 1G5, 9)I1F (5, ya(5)) ds

t1

to
< N)\/ G(s, s)ds.

t1
By choosing successive subsequences, there exists a subsequence {1y, }

which converges uniformly on [t1, t5]. Hence T is completely continuous.

4

To establish the eigenvalue intervals where a fixed point exists, we
will employ the following Fixed Point Theorem due to Guo and Kras-

nosel’skii.

Theorem 2.11 (Guo-Krasnosel’skii Fixed Point Theorem). Let X be
a Banach space, kK C X be a cone, and suppose that 1, are open
subsets of X with 0 € Q1 C Qo and Q; C Qy. Suppose further that
T : kN (Q\Q) — K is completely continuous operator such that either
(1) [|[Tu]] < ||lul|,u € kNI and ||Tu|| > |Jul||,u € kNN, or

(i0) [|Tul] > ||lul|,uv € kN O and ||Tu| < |ull,u € kNN,

holds. Then T has a fized point in kN (Q\Qy).

We are going to present our first existence result.
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Theorem 2.12. Assume that conditions (A1 )-(As) are satisfied. Then,

for each X\ satisfying

; L <A< —; L ,
[v2 ftf G(s,5) ds] foo [ftf G(s,s)ds|f0

(11)

there exist at least one positive solution of the BVP (1)-(2) in k, where

fs and fO are as define in Section 2.1.

Proof. Let X\ be given as in (11). Now, let € > 0 be chosen such that

L <A< L .
V2 2 G(s,5) ds](foo—€) = " = 12 G(s,5) ds](fO+e)

Let T be the cone preserving, completely continuous operator defined
in (10). By definition of f°, there exists H; > 0 such that

f(t,y)
max
teftita] Y

~

<(f'+e), for 0 <y < Hy.

It follows that, f(t,y) < (f° + €)y, for 0 < y < H;. Choose y; € k
with ||y1|| = Hi. Then, we have from the boundedness of G(t,s) and
the nature of \, that

Tu)®) = A [ G (sm(s)) ds

t1

< A / " G(s,8)f(5,y1(s)) ds
< ) / " G(s, ) (f° + as) ds
< )\/tQG(s,s)(fo—FG)HylHdS

< ||yl||
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Consequently, || Ty1|| < ||y1||- So, if we define

O ={ueX:||ul| < H},
then,
(12) 1Tyl < [lyll, for y e rxNo.
By definition of f., there exists H, > 0 such that

> (foo =€), fory > Ha.

It follows that
f(ty) = (foo — €y, for y > Hy.
Let
Hy = max{2H,, %E},
and let

={u € X :||ul]]| < Hp}.

Now, choose y, € kK N Iy with ||ya]| = Ha, so that

min y5(t) > vyl > Ho.
teft1 to]

Then,

Y
>~
2
Q
CIJ
Q@
[\&)
S

AV
>
5
\
Q
CI.)
CI)
kﬁ
8
§
=
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> 2 / "G5, 8)(f* — ) el ds

t1
= el

Thus,
(13) 1Tyl = [lyll, fory €rno

Applying Theorem 2.11(i), from (12) and (13) we have that T has a
fixed point y(¢) € kN (2\Qy). This fixed point is the positive solution
of the BVP (1)-(2) for the given A. O

Another existence result applying Theorem 2.11(ii) is as follow:

Theorem 2.13. Assume that conditions (A1 )-(As) are satisfied. Then,

for each X\ satisfying

1 1
% <A< —5
V2 [, G(s, ) ds] fo [, G(s,8)ds|f>

there exist at least one positive solution of the BVP (1)-(2) in k .

(14)

Proof. Let A be given as in (14). Now, let € > 0 be chosen such that

1 <A< 1 .
V2 [;2 G(s,8)ds)(fo—e) — © = [f{2 G(s,5) dslu(f>+e)

Let T be the cone preserving, completely continuous operator defined

in (10). By definition of fy, there exists J; > 0 such that

min MZ (fo—c¢€), for 0 <y < Jp.
teltita] Y
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It follows that, f(t,y) > (fo — €)y, for 0 < y < J;. Choose y € k with
lly]| = Ji. Then, we have from the boundedness of G(t,s) that

1

Ty = A / CG(t, ) f(s,y(s))ds

Y

A / 2G5, ) f (5, 9(s))ds

t1

v

)‘ G(Sv S)(fo - E)y(S)dS
2 S)

t2
~y
t1
t
> A / G(s,
t1

> yll-

(fo—e)lyllds

Consequently, ||Ty|| > ||ly||. So, if we define

O ={ueX:|ul| <}
then
(15) 1Tyl = llyll, for y € rno.

It remains for us to consider f*°. By the definition of f*°, there exists

an Jo > 0 such that

max L&Y < (f~+e), fory > J.
te€lty,ta] Y

It follows that
fty) < (f*+ ey,

fory > Js.

There are two cases to consider.

Case (i). The function f is bounded. Suppose L >0 is such that
ft,y) < L, forall 0 < y < oo.
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Let
t2
Jo :maX{QJl,L/\/ G(s,s) ds},

t1

Then, for y, € k with [|y2]| = J2, we have

(Ty)(®) = A / G 5) (5, (s)) ds

t1

1

< A / "G (s,8)f(5,a(s)) ds

< /\L/ G(s,s)ds

t1

N

< lwell-
Thus [|[Ty|| < |ly||- So, if we define
D ={ue X :|ul <},
then
(16) ITyll < llyll, for y € rN I,

Case (ii). The function f is unbounded. Let J, > max{2.J;, Jo} be
such that f(t,y) < f(t, J2), for 0 <y < Jy. Let yo € K with ||yz|| = Jo.
Then,

(Tw)(t) = A / "Gt ) f(5,ya(s)) d

t1

< /\/QG(S,S)f(S,yz(S))dS

t1

IN

/\/t 2 G(s,s)f(s, Jy)ds

1

which implies
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(Ty)(t) < )\/tt2 G(s,s)(f* +e€)Jads

< o=l
Thus , || Ty|| < ||y||. For this case, if we define
D ={ue X:|ul| <}
Then
(17) ITyll < lyll, for y € kN IQy.

Thus, in either of the cases, Theorem 2.11 in light of (15),(16) and (17)
yields that T has fixed point y(t) € kN (2\Q4). This fixed point is
the solution of the BVP (1)-(2) for the given A. O

2.5. Example

Let’s consider the example

14 200y)

(1) + A% —, =0 telo]]

with boundary conditions
y(0) =y (0) = 0
2y(1) +3y'(1) = 0
The green’s function is given by

—1—5)(=5+42t) if0<s<t;
N B D I

L L

(5—28)(1+1) ifo<t<s.
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We found that v = 3, foo =200, and f° = 1. So, employing (11), there

3 6).

is a positive solution for all A in the range (35, 2
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3. GREEN’S FUNCTION AND BOUNDS FOR THE 2n{" ORDER

BOUNDARY VALUE DIFFERENTIAL EQUATION

Our interest in this section is finding positive solutions to all differ-

ential equation of the form

(18) (=1)%y"™ + Af(ty(t) =0
for even n, with boundary conditions

(19) any @ (t)) + 0412y(2k+1)(t1) =0
oy ) (ts) + apy@® D (ty) =0, k=0,1,2,...% — 1.

Before we can do this, we need to be able to generate the Green’s
function of the homogeneous boundary value problem which we do in

the following subsection.

3.1. Finding the Green’s Function for the 2n™ Order DE

In this section, we will derive Green’s function for 2nth order homo-

geneous differential equation (21) satistying (22).

Theorem 3.1. Suppose that Gy(t, s) is the Green’s function satisfying

—y (1) =0

with boundary conditions

@11y(t1)+0612yl(t1) =0

amy(tz)+a22y'(t2) = 0
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Then ,
[)
(20)  G(t,s) = / Gt )Gy o(w, 8)dw n € {2k +2: k € N}
t1
s the Green’s function for
(21) (=1)2y"(t) =0, ne{2k+2:kcN},

with boundary conditions

(22) a11y(2/{5) (tl) + Oélgy(Qk’ + 1)(t1) =0
agly(Qk‘)(tg) + 0422:(/(2/{3 + 1)(t2) = O, k= O, 1, 2, e % — 1.

Proof. Suppose Gs(t, s) is the Green’s function satisfying —y” (t) = 0,

then t
Y O=5 = v)= [ Galt.s)o(e)ds
so that
"0 = 9= =g
which implies y(t) = —/t2 Go(t,s)g(s)ds = —H(t).
t2t1
Then, y(t) = /tl Go(t, w)H (w) dw

{
_ /: {[ G (t, w) G (w, 5) dw}g(s) ds
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where

Galt,s) = / Gt w)Ga(w, 5) duw.

t1
t

From definition of Gs(t,s), Gu(t,s) = [,* Ga(t,w)G(w, s) dw implies

1

G/ (t,8) = —Gy(t, s) which in turn implies that y" satisfies the bound-
ary conditions (2).

That is,

04113///(?51)—1‘04129”/(151) = 0,

1"

04219”(752)4—0422?/ (t2) = 0.

Likewise, G4(t, s) satisfies boundary conditions (2) so that y(t) satisfies
the BC

any(t) + oy (t) = 0
any(ta) + Oé22y,(t2) = 0
any () + oy’ () = 0

"

a21y//(t2)+0422y (t2) = 0.

So, G4(t, s) is the Green’s function for the equation

satisfying the BCs

0411?4(751)‘1'@12?/,(751) =0

aory(te) + amy (ta) = 0
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any () +awy (b)) = 0

"

a21y//(t2)+0é22y (t2) = 0.

For n=6, we have —y©)(t) = g(t) or, equivalently, —(y(")")(t) =
g(t)
" t2
which implies  — ¢ (t) — / Galt, $)g(s) ds = H(?)
t1

to

so that y(t) =

- [ Gt { [ Gilus)g(s)ds | dw

Go(t, w)H (w) dw

—

where

to
(23) Golt,s) = / Gt w)Ga (w0, $)g (5) dw.
t1
By definition of G(w, s) , (23) implies
Gg (tv S) = _G4(t7 S)

which means that y” satisfies the boundary conditions above. That is,

we have
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any’ (t1) + a9y (t1) =0
) () oy () =0
any (t) +apy (&) =0
Oé2ly”// <t2) + 0522y/”// <t2) _ 0

\

Also, Gy (t, s) satisfies the boundary conditions (2) so that y(t) satisfies
the BC

a11y(t1)+a12y/(t1) =0
a1y (te) + any (ts) = 0

a1ly/l(t1)+a12ym(t1) =0

"

gy (ta) + ay (t2) = 0
ally//// (tl) 4 al?y///// (tl) — 0
a21y/m (t2> X a22y///// (t2> _ 0

Continuing in this way, we find out that

to
Gn(t,s) = / Ga(t,w)Gp_o(w,s)dw n e {2k +2;k € N}

t1

is the Green’s function for
(=1)3y"(t) =0, ne {2k+2;keN}

with boundary conditions
a1y (t1) + oy (t1) = 0
any® (t2) + agy® (L) =0, k=10,1,2,... 5 - 1. D
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3.2. Bounds for the Green’s Function

Here, we find bound for the Green’s function for 2nth order problem.

Theorem 3.2. Assuming conditions (A1)-(A3),then

n

v2Gy(s,s) < G(t,s) < Gu(s,s) forn € {2k;k e N}

Proof. From previous theorem, 7Gs(s, s) < Ga(t, s) < Ga(s,s)V (t,s) €

[tl,tg].
So,
t2
Git:s) = [ Galt.)Galwrs) o
t1
to
< / Ga(s,2)Ga(x, s) de = G4(s, s).

t1

Therefore,
Gy(t,s) < Gy(s, s).

Also

Calts) — /QGQ(t,x)Gg(a:,s)dx

t1

v

to
/ vGo(s,2)Ge(x, s)dr and since 0 <~y <1, we have

t1

t2
> / G, )1 G2, 8) d = 72Gig (5, 9).

t1
Therefore,

Gy(t,s) > 72G4(s, s),

so that
72G4(3a 8) < G4(ta 8) < G4(87S>'
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Similarly,

Golts) — /QGg(t,x)G4(x,s)dx

t1

/ 2 Go(s,x)Gy(z, s) dr = Gg(s, s).

t1

IN

Therefore,

Ge(t,s) < Gg(s, s).

Also,

Gg(t,s) = /2G2(t,x)G4(m,s)dx

t1

to
> / YGo(s,2)V*Gy(s, s) dr and since Gy(t,s) < Gy(s,s), we have

t1

> / (s, DGl ) dr = 4G, 5).
t
Therefore Gg(t, s) > v*Ge(s, s) so that
V3Ge(s,5) < Gg(t,s) < Gg(s, s).
Continuing in this, we have that

Y2Ga(s,8) < Gu(t,s) < Gu(s,s) forn € {2k + 2;k € N}

O

The following theorem gives us the eigenvalue interval for which there

exists positive solution(s) for even order problems.

Theorem 3.3. For n € {2k;k € N}, assuming that conditions (A )-
(As) is satisfied, then for each \ satisfying
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1 1
A<

[y ttf Go(s, s)ds|fo - [fttf G(s,s)ds]f>’

(25)

there exist at least one positive solution of the BVP

(26) (=1)2y"(t) = Af(t,y(2)).

with boundary conditions

any® (1) + ay® () = 0
n
any® (ts) + any® () = 0, k=0,1,2,... 5~ L.
Proof. The proof follows by using Theorem 2.11 and changing v to be
72 in (11) and (14). Doing this, we have

1 1
<AL

" [ Gu(s,s) dslf, [ Gu(s, s) ds]f=

3.3. Example

Using equation (21), we can easily generate the Green’s function for
the case where n =4, 6, 8, 10, and so on. Below is one of such computed
Green’s function using mathematica.

For the case where n=4,

_(Br—a115)(s=t)(=Ba+a1t) (381 (=28 +ag (s+t)+a1y (388 (s+t)—2a9; (s2+st+t2)))
2

6D
(B1—e115)(B1—a118) (Ba—an1 )3+ (= Bo+anit9)3)
+ 3agy D2
4 B2=001 ) Ba—am (=Fr+an19)®+(B1 —e11t1)%)

Galt,s) = Sa1q D2
’ (Ba—ag18)(s—t)(B1 —aut)(—wl<—2ﬁ2+a21§s+t))+au(—3ﬁ2<s+t)+za21 (s2+st+t2)))
6D

if t; <s <t <ty

T (Br—a118)(B1—a11) ((Bp—az15)3+(=Ba+asits)?)
3ag1 D

+ (Ba—an13)(Bg—any ) ((=B1+a118)3+(B1—ay1t1)3)
3ay1 D2

ift; <t <s<ts.
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is the Green’s function for

—y® =0
with boundary conditions
an1y(ty) + a1y (t

)
az1y(te) + gy (t2) =0

any (t1) +any’ (t1) =0

agly// (tg) -+ Oégzym (tg) =0.
Considering the equation

1 + 200y)

@5y 1 AU —0, telo.1
y () + T+ , [0, 1],

with boundary conditions

the Green’s function is

2= (84 (=1 — 8)%)(5 — 25)(5 — 2t)
i (=1 —8) (=1 — £)(125 + (=5 + 26)®)
55z (—1—8)(5—2t)(s — t)
(=15(s +t) +4(s® + st +t2) +3(=10+ 2(s + 1)) if t1 < s <t <oy
(5= 28)(8 + (=1 — £)®)(5 — 2t)

Ga(t,s) =

T( 1—s)(125 4 (— 5+25) )(=1—1)
—551(5 = 28) (=1 —t)(s — t)
—15(s + t) + 4(s® + st + t7) — 3(10 — 2(s + 1))) ift; <t <s<ta.

/\

We found that v = %, foo = 200, and f° = 1. Employing (11), we get the

630

eigenvalue interval 0.0748886 < A < g7,

for which there exists a positive

solution.
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4. THIRD-ORDER BOUNDARY VALUE PROBLEM ON R WITH GREEN’S

FuNcTION AND BOUND

For this section, we are going to consider the third order eigenvalue prob-
lem on R. We are going to consider nonhomogeneous boundary conditions.

In this section, we assume f(t,y(t)) to be as defined in Section 2.

4.1. Solving the Third Order Equation

Consider the boundary value problem

"

(28) y () =Af(t,y(t), telt s

with boundary conditions

y(t) =p1
(29) y(t2) =po
y'(ts) = ps

Defining g(t) = Af(t,y(t)) and taking the Laplace transform of 28, we

have

L(y (t)) = L(g) which implies
0) = L(g)

This implies that

L(y) = ~9(0) + 55/ (0) + 59" (0) + 5 L(0).

Taking the inverse Laplace gives
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Then,

y ) =y

y (0) +ty (0) + /t (t — s)g(s)ds, and

1

t
<m+/g@m8

t1

Using the boundary conditions, we have that

1 1 [
p1 — tipa — §(t% — 2t1ta)ps + 2/ (t2 — 2t1t9)g(s) ds
t1

+/”mm—$MQm,

t1

t3 to
pr@%+/tﬁ$m—/uer@m

t1 t1

t3
P3 — / g(S) dSa

t1

mm+wﬂ»+%@%m+1/a—@%@m3

2 2 /.,

1
p1+ (t—t1)p2 + 5(t2 — 2ty — 1 + 2t1t9)p3

1 [t
—2/ (1% — 2tty — t] + 2t1t2)g(s) ds
t1

t

+/ 2(752 —s)(t1 —t)g(s)ds + ;/ (t — s5)%g(s) ds

t1 t1
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That is,
WO = o=ty (=0 — (2~ 1)) s
-3 [ = - gt o
[ - tge) ds 5 [ st
Defining
(30) 2 =gt (= et (1) (12— 1)),
we have
W) = == [ (=t~ (= t)) gls)ds

- [t s mats)ds+ g [ (¢ sPgs)ds

t1 t1

where z(t) is the solution of the homogeneous boundary value differential

equation
y' () =0,
with boundary conditions
y(t) =mp
y(t) = po
y'(ts) =ps

Also,
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(31)
(%(s—t1)2 ift) <s<t<ty<ts;
Fs=t1)? = (s —1)?] ift) <t <s<ty<ts
Gt ) = 5 [(ta —t1)* = (ta — t)?] ift; <t <ty <s<ts;
Sta—t1)? = (t—t2)’+ (t—5)?] ift1 <tp<s<t<ty
S (ta —t1)> = (t —t2)?] if t) <ty <t <s<ts;
(s —11)? ift) <s<ty<t<ts

is the Green’s function for the equation

(32) y (t)=0,

with boundary conditions

y(t1) =0
(33) y(t2) =0
y'(t3) =0.

From above, z(t) as defined in (30) has zeroes t and " where

¢ _ (psta—ba)+VA
p3 ’
(34) (' = sl VA g

A = p3(ty — t2) + pa]® — 2p1ps.

We assume the following conditions on t1, to, t3 and p1, p2, p3 through-

out this section:

1"

B1: t2>%, ts <t
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B2: p1 >0, p3<0, p3(ta —t1) < p2 < p3(ta — t3).

Note: Bl is derived from the fact that G(¢3, s) must be nonnegative on the
interval t; <ty <t < s <t3 and we choose t3 <t so that (t1,t3) C (£t ).
B2 is derived such that t; < t9 — Z—g < t3 where ty — Z—i is the maximum

point of z(t). Also, we make p3 < 0 because we want z(¢) to be concave

down and p; > 0 since we want a positive solution for y(t).

4.2. Bounds for the Green’s Function

In this section, we find the bounds for the Green’s function (31).

Theorem 4.1. Given that condition B1 holds, G(t,s) > 0 for (t,s) €

(tl, t3] X (tl, t3].

Proof. For t; < s <t <ty <ts, G(t,s) > 0 since s # ;.

For t1 <t < s <ty <tg,sincet; <t<s, wehave s—t; >s—1t >0 and
so G(t,s) =3 [(s —t1)> — (s —t)?] > 0. Also, if t = s, then

G(t,s) = 3(s — t1)? > 0. Therefore G(t,s) > 0.

For t1 <t <ty < s < tg, since t1 < t < ty, we have t9 — t1 >t — t; and so
G(t,s) = 3 [(ta —t1)> — (t2 — t)*] > 0. Also, if t = t,, then

G(t,s) = $(ta — t1)® > 0. Therefore G(t, s) > 0.

For t; <ty < s <t <t, since to > 1E13 we have

to—ty > tg—ty > t—ts. S0, G(t,s) = 3 [(ta —t1)? — (t —t2)? + (t — 5)?] > 0.
For t1 <ty <t <s <tz G(t,s) > 0 since ty > %

Lastly, for t; < s <ty <t <ts, G(t,s) > 0 since s # t;. O

In the next theorem, we find the bounds for the Green’s function 31. This
bound is later used to find the range of A values for which (28) satisfying

(29) has a positive solution.
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Theorem 4.2. For a fized s, G(t,s) < 3(s — t1)? for all () € (t1,t3] ¥
(t1,t3].

G(t,s) > 3((t2 — t1)? — (t3 — t2)?) for all (t,s) € [ta, t3] X [t2, t3].

Proof. For t) <t < s <ty <ts, G(t,s)=s—1>0

which implies that G(¢, s) is an increasing function of ¢t. So, G(t,s) < G(s, s)
for t < s.

For t; <t <ty <s <tg, G/(t, s) =ty —t > 0 which implies that G(t, s) is a
nondecreasing function of t. So, G(t, s) < G(ta,s) = 3(ta—t1)? < 2 (s —t1)?
for t <ty <s.

Likewise, for t; < to < s <t <ts, G (t,s) = ts—s < 0, so G(t, s) is a nonin-
creasing function of ¢ so that G(t,s) < G(s,s) = 5 [(ta — t1)> — (s — t2)?] <
St —t)? < 3(s—t)2

For t; <ty <t <s<t3, t<tgsothat —(t—1t3)? > —(t3—t2)? which
implies G(t,s) = 3 ((ta —t1)? — (t — 12)?) > % ((t2 — t1)? — (t3 — t2)?).

Likewise on t1 <ty < s <t < t3, from above,

1

Gt,s) = = ((ta—t1) = (t—t2)*+(t—5)?) > 3 ((ta —t1)* — (t — t2)?)

N = N =

((ta —t1)* = (t3 — t2)?)

4.3. Emistence of Positive Solution(s)

In this subsection, we find the range of A for which (28) satisfying (29)
has positive solution. Let y(t) be the solution of the BVP (28)- (29), given
by

t3

(35) y(t) =z() + A [ G(L,5)f(s,y(s)) ds

t1
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Defining
v(t) = y(t) — 2(b),
equation (35) can be re-written as
%]
(36) v(t) =\ ; G(t,s)f(s,v(s))ds,
which is the solution of the homogeneous boundary value differential equa-

tion
(37) V() = At (), tE [t ),

with boundary conditions

U(tl) =0
(38) v (ts) =0
U” (tg) = 0.

Also G(t, s) is the Green’s function for the differential equation
V(6 =0, te [t ts]

with boundary conditions

’U(tl) =0
’Ul(tg) =0
’U//(tg) =0

Define a set, X , by
X = {u\u S C[tl,tg]}

with norm

[ull = max |u(t)],
te(tr,ts]
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Then (X, ||.||) is a Banach space.
Let

to<s<t

(39) m = min min (t2 — t1)2 —(ts — t2)2 +(ts — 8)2 (t2 — t1)2 — (s — t2)2
(t2 — t1)% + (t2 — 5)? ’ (t2 — t1)? ’

We first show that 0 < m < 1. Since for t; < to < s <t < t3, we have
Gl(t, s) =ty — s <0, so0 G(t,s) is a decreasing function of ¢ and G(t3,s) <
G(ty,s). Also, for t; < to <t < s < t3, we have G (t,s) =ty —t < 0, so
G(t, s) is a decreasing function of ¢t and G(t3, s) < G(t2, s).

Define a set k by

k={u€ X :u(t) >0on [t1,t2] and min u(t) > m|ul}.
tE[t27t3]

Then by Lemma 2.8, x is a cone. Using condition B2,
z(t) > 0fort e (t',t),

where ¢ and ¢ are as define in (34).
From the fact that z(t' ) = 0 and z(t;) = p1 > 0, we conclude that ¢t < t;
since z(t) is concave down. Also, since t3 <t~ then (t1,t3) C (t,t"). So, we

conclude that
Z(t) >0forte [tl,tg].

Define the operator T : Kk — X by

t3
(40) (Tw)(t) = A G(t,s)f(s,v(s))ds, V t e [t1,ts3]

t1
From Lemma 2.9, T preserves k. If v € k is a fixed point of T , then v
satisfies (37) and hence v is a positive solution of the BVP (37) - (38). We
seek a fixed point of the operator ,T, in the cone k.

From Lemma 2.9, the operator T as defined in (40) preserves k.

Now, we find the range of A that gives a positive solution for (36)
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Theorem 4.3. Assume that conditions (B1),(B2) is satisfied. Then, for

each A satisfying

1 1
(41) <A

[’ITL tt23 %((t2 - t1)2 - (tS - t2)2) dS]foo = [fttf %(S — t1)2 ds}fo’

there exist at least one positive solution of the BVP (37)-(38) in k where m
is defined in (39).

Proof. Let A be given as in (41). Now, let € > 0 be chosen such that

T — <A .
[ [ L((t2—11)2—(t5—12)2) ds](foo—e) 73 G(s,) ds](f0+e)

Let T be the cone preserving, completely continuous operator defined in
(40). By definition of f, there exist H; > 0 such that

f(t,v)
max
te(t,ts3] v

§(f0+6), for 0 <v < Hj.

It follows that, f(t,v) < (f+ €)v, for 0 < v < Hj. So choosing v € x with
|vi|| = Hy. Then, we have from the boundedness of G(t, s) that
t3

(Tv)(t) = A G(t,s)f(s,v1(s))ds

t1

t31

< A S(s—t1)*f(s,vi(s)) ds
t1 2
t31 2770

< A §(S_tl) (f" 4+ e)vi(s)ds
t1
t31 2770

< A [ G000+ ol ds
t1

< ol

Consequently, |[Tv|| < ||v]|. So, if we define

O ={ue X :flul <H},
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Then
(42) |Tv|| < ||vl||, for verNIN;.

By definition of f., there exists an Hy > 0 such that

min f(';’v) > (foo — €), for v > Hs.
te(t1,ts]

It follows that f(t,v) > (fs — €)v, for v > Ho.
Let
1
H2 = maX{QHl, 7H2},
m

and let
Oy = {’LL e X: HUH < HQ}

Now choose vy € kN INy with [|ve|| = Ha, so that
min vy(t) > mljve| > Ho.

tE[tl,tQ]

Consider,

T(w)(t) = A / "Gt 5) f(5,va(s)) ds

> 3 [ 5=t — s =)0

> )\/tt3;((t2—t1) — (ts— t2))(f

> [ St =0 = s = ) = )leal s
> Jua

Thus,

(43) ITo| > [|v], for v €N Ay
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Applying Theorem 2.11 to (42) and (43) yields a fixed point for Tw(t) €
kN (Q2\Q1). This fixed point is the positive solution of the BVP (37)- (38)
for the given . O

Next, we prove the other range for A for which a positive solution exists.

Theorem 4.4. Assume that conditions (B1)-(B2) is satisfied. Then, for

each X\ satisfying

1 1
(44) <A<

[m tt; %((t2 —t1)? — (t — t2)?) ds] fo [L? %(3 —t1)2 ds]f®

there exist at least one positive solution of the BVP (37)-(38) in k .

Proof. Let A be given as in (44). Now, let € > 0 be chosen such that

1 e 1

[m [ 3((t2 — t1)? = (ts — t2)?) ds](fo — €) 2 5(s = t1)? dslu(f> +¢)
Let T be the cone preserving, completely continuous operator defined in

(2.9). By definition of fy, there exist J; > 0 such that

[t v)
min
te(t1,ts] (%

Z(f0—6), for 0<U§J1.
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It follows that, f(t,v) > (fo — €)v, for 0 < v < J;. So choosing v; € k with

|vi|| = J1. we have from the boundedness of G(t,s) that

(To)(t) = A : G(t, ) f(5,01(5)) ds
> A : G(t, ) f(5,01(5)) ds
> [ - 02 = = ) (o) ds
> [ = 02 = (6 = ) - () s
>t [ (=0~ (= 7)o~ il ds
> ||v1||-2

Consequently, [|[Tv|| > ||v]|. So, if we define

O ={ue X :|ul| < Ji},
Then
(45) |Tv|| > ||v||, for ve€ kNIN.

It remains for us to consider f*°. By the definition of f°, there exists an

Jo > 0 such that

f(t,v)
max
tefti,ts] U

< (f*+e), for v> .

It follows that
f(t,v) < (f* +€)v, forv>Js.

There are two cases.
Case (i): The function f is bounded. Suppose L >0 is such that f(¢,v) <

L, for all 0 < v < o0.
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Let
t3 1
Ja = max{2J, )\L/ 5(8 — t1)?ds},
t1
Then for ve € K with ||ve| = Jo,
t3

(Tve)(t) = A G(t,s)f(s,v2(s)) ds

t1

)\/tgi(s—tl)?f(s,z@(s)) ds

1

IN

IN

t3 1
)\L/ “(s—t1)? ds
t1 2

< Jy= H’UQ”

Thus, [|[Tv|| < |[v|. So, if we define
Qo ={ueX:|u| <},

then
(46) |Tv|| < ||v||, for ve rkNIN.

Case (ii): The function f is unbounded. Let Jy > max{2.J;, 2} be such
that f(t,v) < f(t, Ja2), for 0 < v < Jy. Let vg € k with ||v2|| = J2. Then

(Two)(t) = A tBG(t,s)f(s,vg(s))ds

’ }(s — t1)2f(s,vg(s)) ds

INA
>
—

[N}

t1

t3 1
< A / (s —11)2f (s, Jo) ds
t1 2
t3 1
< )\/ (s —1)*(f>* +e)Jads
t1 2
< Jo = Juel).

Thus , || Tv]| < ||v||. For this case, if we define

Qo ={ue X :||ul| < o},
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then
(47) |Tv|| < |jv|l, for v € xNON.

In either of the cases, an application of part (ii) of Theorem 2.11 to (45),
(46) and (47) yields a fixed point for Tw(t) € kN (Q2\Q1). This fixed point
is the solution of the BVP (37)-(38) for the given . O

4.4. Green’s Function and Bound for the 3n*") Order BVP

Our interest in this section is to find positive solutions to all differential

equations of the form

(48) y" + M f(t,y(t) =0

subject to some boundary conditions

yBRt) =p
(49) y(3k+1) (tQ) = P2

yCr2(t3) =ps, k=0,1,2,...,% — 1.

Before we can do this, we need to be able to generate the Green’s function
of the homogeneous boundary value problem. The following theorem offers

us a method.

Theorem 4.5. Suppose that Gs(t, s) is the Green’s function of

y (t)=0

satisfying the boundary conditions
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y(t) =0
(50) y(t2) =0
y/l (t3) _ 0
then ,
t3
(51) Gn(t,s) = Gs(t,w)Gp—3(w,s)dw n € {3k + 3 : k € N}
t1
is the Green’s function for
(52) y'(t) =0, ne€ {3k+3:keN},
with boundary conditions
y(t) =0
(53) yGR (1) =0

yCH2(¢3) =0, k=0,1,2,...,% — L.

Proof. Suppose G(t,s) is the Green’s function of i (t) = 0, satisfying the

boundary conditions y(t;) = 0, ¥ (t2) =0, 3" (t3) = 0 then, the solution of

y (t)=g
satisfying the above BCs is
t3
y(t)= | Gat.s)g(s) ds.
t1

So, if 4O (t) = g, that is, (y®)®) = g, then,
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W= [ " Gty $)g(s)ds = H(Y

which implies

() = t3G3(t,w)H(w)dw

= Gs(t, w) {

t1

t3

Gs(w, s)g(s) ds} dw

t1

t3 t3
_ / G (t, w)Gs(w, 8)g(s) ds duw
t1

t1

_ /{ tgGg(t,w)Gs(w,S)dw}Q(S)ds

t1
t3
= GG(t> 5)9(8) dS,

t1

where
t3
Ge(t,s) = Gs(t, w)Gs(w, s) dw.

11
By definition of Gs(t, s),
t3

Ge(t,s) = Gs(t,w)Gs(w, s) dw

t1
implies that

111

Gg (t,s) = Gs(t,s)

which implies that 3" satisfies the boundary conditions for the equation

(50), that is,

(")) =

(y )(t2) =0
(y")'(tz) =0.



Likewise, Gg(t, s) satisfies the boundary conditions (50) so that y(t) satisfies

the boundary conditions

y(tt) = 0
y(ta) = 0
y'(ts) = 0.

So, Gg(t, s) is the Green’s function for the equation

y© (1) =0,
with boundary conditions
(
y(ti) =
y(t2) =0
(54) y'(ts) =0y (1) =0
yW(t2) =0
\ yO(ts) =

Similarly,

implies that

() O) = g(t)

which gives us

so that
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) = / Gyt w) H (w) duw

t1

_ /tltng(t,w){ tSGG(w,s)g(s)ds} dw

t1

_ /:’{ tSGg(t,w)Gg(w,s)g(s)dw} ds

t1

_ / Gt 5)g(s)ds,

t1

where
t3

Gy(t,s) = Gs(t, w)Gg(w, s)g(s) dw.

t1

By definition of G3(w, s)

1"

Gy (t,s) = Gg(t, s)

which means that ym satisfies the boundary conditions (54), that is

y®) (t1) = 0
yW(t2) = 0
yO(ts) = 0
yO(t) = 0
yD(ta) = 0
y®(tz) = 0.

Also, Gy(t, s) satisfies the boundary conditions (38) and y(t) satisfies the

boundary conditions



yt) =0
y(ta) =0
yA(t3) =
y®(t) =
y () =0
y(5) (t3) =
y(6)(t1) =
y () =0
y®(tz) =0.

Continuing in this way, we find that

t3
Gn(t,s) = Gs(t,w)Gp—3(w, s)dw, ne {3k+ 3;k € N},

t1
is the Green’s function for

y'(t) =0, ne {3k+3;k N},

with boundary conditions

y(3k)(t1) = 0
y(3k+1)(t2) = 0
yCH2 () = 0, k=0,1,2,...2 — 1.

4.5. Bounds for the Green’s Function

In this section, we find the bounds for Green’s function, G, (¢, s).

55
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Theorem 4.6. Assuming conditions (B1),(B2),then for n € {3k;k € N},

51 3
<t3 g t1> ((t2 - t1)2 - (t3 - t2)2)§ < Gn(t’ 3) fOT‘ all (tas) € [tQ’t3]X[t2’t3]'

Gnl(t,s) <3 (é) ! (t3 —t1)"3(s —t1)® for all (t,s) € [t1,t3] x [t1,t3].

Proof. From Theorem (4.2),

Gs(t,s) < =(s —t1)? for all (t,s) € [t1,t3] x [t1,t3],and

1
2

Gg(t, S) Z ((tz - t1)2 - (tg — t2)2) for all (t, S) € [tz,tg] X [tg, tg].

DN |

So,

Golt,s) — / * Gt 2)Ga (e, ) di

t1
ts 1 1 2
< / 5(58 —t1)*=(s—t1)"dx = 3 <> (s —t1)“(ts — t1)
t1
Therefore,
L1’ 2 3
Ge(t,s) < 33 (s —t1)“(ts — t1)°.
Also for all (t, 8) € [tg,t;;] X [tz,tg],
t3
Ge(t,s) = Gs(t,z)Gs(x, s) dz
t1

> /: G {(ta —t1)* — (t3 —t2)2}>2 dz
> <; {(ta —t1)* — (t3 — t2)2}>2 (t3 —t1).

Therefore,

2
Gatt.s) = (32 =02 = (=12 (ta 1)

Similarly,
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Golt,s) — / * Gyt 2)Go(e, ) di

< /f %(x —t1)2% <;>2 (5 — 11)2(ts — 11) da

Also,
Golt,s) — :3 G (t, )G (, 5) dar
t3 2
> [t -0 [ {0 - (-0} | (=)o
1 2 2 ’ 2
= (3l —tP =) (- n)
Therefore,

3
Go(t,5) = (((t2 =10~ (6= 0P} (ta =12

Continuing in this sense, we have that

Glt,5) < () N <> "ttt B (s—1)? for all (£, 5) € [t1, t3] x [t1, £3),

n

3 n—3

Gn(t, S) Z (;((tg - t1)2 - (tg - t2)2)) (tg—tl)T for all (t, S) € [tz,tg]x [tz,tg],
U

By defining the two functions

Fo(s,s) = (;) N (;) ’ (ts = 01)" (s = t1)?,

n
3 n—3

Euls,s) = (5=t = (ta - ))) ' (ta - 10)"F"

w|3
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going by (41) and (44), we can state the following theorems:

Theorem 4.7. Assume that conditions (B1),(B2) are satisfied. Then, for

each X\ satisfying

1 1
7 <A< — ,
[m [, En(s,s) ds] foo [, Fu(s,s) ds] f°

there exist at least one positive solution of the BVP (48)-(49) in k .
Proof. The proof is similar to that of Theorem 4.3. (]

Theorem 4.8. Assume that conditions (B1),(B2) are satisfied. Then, for

each X\ satisfying

7 ! <A< — !
[m ft; En(87 8) ds}fo [ftls Fn(87 3) ds]foo

there exist at least one positive solution of the BVP (48)-(49) in k .

Proof. The proof is similar to that of Theorem 4.4. O

4.6. Example

Consider the third order boundary value problem
Y (t) + Ay(200 — 199.5¢" ) = 0, te[0,1],

with boundary conditions,

y() =1
y'(2.6) =0

LONEE
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The Green’s function is given by

3(s— 1) if1<s<t<26<4;
F(—1+42s—t)(—1+¢t) if1<t<s<2.6<4;
Gt s) = T(42-t)(t-1) if1<t<26<s<4;
$(—4.24+ s +5.2t—2st) if1<26<s<t<4;
(42— t)(-1.4+1) if1<26<t<s<4;
(s —1)? if1<s<26<t<4.

For this particular example,
1 2
z(t) =1+ §(2.56 — (t—2.6)7),

m = 0.132743, fs =200, f0=1.
Using (41), positive solution exists for all A in the interval (0.0896828,0.222222).
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5. SECOND ORDER BOUNDARY VALUE PROBLEMS ON A TIME SCALE

In this section, we will find positive solutions for the two boundary value
problem discussed in Section 2 and Section 3, on a general time scales. First,

we will discuss what a time scale is.

5.1. Time Scales

The calculus of time scales was introduced by Stefan Hilger in his Ph.D.
thesis (Universitdt Wiirzburz,1988) in order to unify the discrete and con-
tinuous analysis. The definitions and the theorems in this subsection are
from [2].

A time scale is an arbitrary non-empty closed subset of the real numbers. It
is usually denoted by T. Thus R, Z, N, Ny are some examples of time scales.
But Q,R — Q {irrationals},C and (0, 1) ,i.e., the rational numbers, the ir-
rational numbers, the complex numbers, and the open interval between 0
and 1, are not time scales. We move through the time scale using forward
and backward jump operators. The gaps in the time scale are measured by

a function pu, defined in terms of forward jump operator, o.

Definition 5.1. Forward jump operator Let T be a time scale. For ¢t € T

we define the forward jump operator o : T — T, by
o(t):=inf{s € T:s >t}

Backward jump operator : An operator p: T — T is given by
p(t) :==sup{seT:s <t}

Note 1: If o(t) > t, we say that ¢ is right — scattered, while if p(t) < t we
say that t is left — scattered. The points which are both right-scattered and

left-scattered are called isolated.
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Note 2 : If t < supT and o(t) = ¢, then ¢ is called right-dense.

Note 3 : If ¢t > infT and p(t) = ¢, then t is called left-dense.

The forward jump operator defined on ¢, o(t), is not always equal to ¢. The
difference between o(t) and ¢t is called graininess.

Graininess Function: The Graininess of a time scale ,T, pu :— [0,00) is
defined by

u(t) =o(t) —tforall t € T.

Note 4: If T has a left-scattered maximum m, then T% = T—{m} . Otherwise
Tk = T. That is,

T+ T — (p(sup T), supT] if supT < oo
T if sup T = oc.
Note 5: Let f: T — R be a function, then we define the function, f°: T —
R, by fo(t) = f(o(t)) forallteT i.e., f7=foo.

Using o we define the delta derivative of a function f in a natural way.

Definition 5.2. Differentiation: Assume f : T*¥ — R is a function and let
t € T*. Then we define f(t) to be the number(provided it exists) with the
property that given any € > 0 there exists a neighborhood U = (t—4,¢t+6)NT
of ¢ for some 6 > 0 such that

[f(e(t) = £(s)] = fA@)o(t) = s]| < elo(t) — s| for all s € U

where f2(t) is called delta derivative of f at ¢.

Using the limit definition,

Assume f : T — R is continuous and let ¢t € T*. Then we define

)

_ i fle@®) = f(s)
o) = hmT

s—t 0'( )

provided the limits exist.

We will introduce the delta derivative f© for a function f defined on T. It
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is expressed as
(i) f& = f' (is the usual derivative) if T = R and
(ii) f& = Af (is the forward difference operator) if T = Z.

Theorem 5.3. Assume f : T — R is a function and let t € T*. Then we
have the following.
(i) If f is differentiable at t, then f is continuous at t.

(ii) If f is continuous at t, then f is differentiable at t with

exists as a finite number. In this case

s— ¢ t—s

() If f is differentiable at t,then

F(o(t)) = () + u(t) [ ().

Now we introduce the most powerful fundamentals of derivatives: the
sum rule, product rule, quotient rule and the transformation of the sigma

function in terms of original function and its derivative.

Theorem 5.4. Assume f, g: T — R are differentiable at t € T*. Then:
(i) The sum f+ g: T — R is differentiable at t with

(f +9)°2() = F2(1) + 9 (8).
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(ii) For any constant o, af : T — R is differentiable at t with
(@f)2 () = af2 ().
(iii) The product fg: T — R is differentiable at t with
(f92(t) = F20g(t) + fa()g™(1)
= fOg* () + fA(Dg(o(t)).

() If f(t)f(o(t)) # 0, then % is differentiable at t with

IR ()
{f} N TOIC(0)

(v) If g(t)g(o(t)) # O then 5 is differentiable at t and

JAN . yAN
{f}<t) FAb)g(t) fit)g (1)

In addition to the differentiability we need couple of more conditions for

integrability of the function.

Definition 5.5. A function f : T — R is called requlated, provided its right-
sided limits exists(finite) at all right-dense points in T and its left-sided limits
exists(finite) at all left-dense points in T. The set of such function is denoted
by R.

A function f: T — R is called rd — continuous provided it is continuous at
right-dense points in T and its left-sided limits exist at left-dense points in
T. It is denoted by

Crqg = Crg(T) = Cpq(T, R).

A continuous function f : T — R is called pre-differentiable in the region
of differentiation D, provided D c T*, T* — D is countable and contains

no right-scattered elements of T, and f is differentiable at each each t €
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D. Assume f : T — T is regulated function. Any function F' is called a

pre — antiderivative of f if F~(t) = f(t).

Theorem 5.6. Existence of Pre-Antiderivative Let f be requlated. Then
there exists a function F which is pre-differentiable with region of differen-

tiation D such that F>(t) = f(t) holds for all t € D.

The indefinite integral of a regulated function f is given by

/f(t)At _ F(t)+C

where C is an arbitrary constant and F' is a pre-antiderivative of f. We

define the Cauchy integral by:

/ CF(B)At=F(s) — F(r)

for all r,s € T.

A function F': T — R is called an antiderivative of f : T — R provided
FA2(t) = f(t) holds for all ¢ € T*.

TABLE': Time scale derivative and Antiderivativefor T =R or T=

Z
Time T symbol R Z
Backward jump operator p(t) t t—1
Forward jump operator o(t) t t+1
Graininess w(t) 0 1
Derivative o) 1) Af(t)
b—1
Integral [Proae [Prwmd | Y F@)GE a<b)
t=a
Rd-continuous f continuous f any f
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Theorem 5.7. If f € Cyq and t € T, then

Some fundamental laws of integration are summarized in the following

theorem including two laws of integration by parts.

Theorem 5.8. Ifa,b,c € T,a € R, and f,g € C}q, then

(i) [ (F@) + g() At = [ F(O)AL+ [} g(t) At

(ii) [2af) OOt = a [ f(t)At

(iii) [} F(O) Ot = — [ f(t) At

(iv) L F(O)AL = [ F(H AL+ [P F()AL

(v) [} f( <t>>g At = (fg)(b) — (fg)(a) — [7 FA(1)g(t) AL;
(vi) [} F(D)g> )AL= (Fg)(b) — (fg)(a) — [} FA()g(o(t) At
(vii) [, F(E)A

(vidi) If - |f(£)] < g(t) on [a,b), then | [ f(#)At] < [} g(t) At
(iz) If f(t) > 0 for alla <t <b, thenf ft)At > 0.

The interesting part of time scale calculus is that the integration can also
be performed if the domain of the function is a subset of the integers. Thus

integration of any function depends upon the domain of the function.

Theorem 5.9. Let a,b,c € T and f € Cyq

(i) If T =R,

/abf(t)At - /abf(t)dt

where the integral on the right is the usual Riemann integral from calculus.
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(ii) If [a,b] consists of only isolated points, then

> wt) ) ifa<bd
b t€la,b)
JECISERT if azb
= > ut)ft) ifa>b
\ t€[ba)
(iii) if T = Z, then
(b—1
> ft)  ifa<d
b t=a
/ f)At=40 if a=b
—aff(t) ifa>b
t=b

Now we move to the dynamic equation with the delta derivative.

Definition 5.10. For A > 0, we define the Hilger complex numbers , the

Hilger real axis, the Hilger alternating axis, and the Hilger imaginary circle

as

h

1
z2€Ch:2z€eR and z<—h},

Ry = {ze@h z € R and z>—1},

L1l
=5
respectively. For h =0, let Cy := C, Ry := R, I := iR and Ag := (.

The generalized exponential function is denoted by ey (t,tp). The expo-

nential function is defined as follows;

(55) ep(t,to) = / €ty (0(7) AT
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where the cylinder transformation &, : C;, — Zp, , h > 0 is defined as
1
En(z) = 7 log(1 + zh)

where log is the principal logarithm function. For h = 0, we define §y(z) = 2
for all z € C.

It is used to solve the differential equation equations. The basic properties
of exponential function can be summarized as follows:

If p, g € R, then eg(t,s) =1 and ep(t,t) =1, m = ecp(s, 1),

ep(t, s)eq(t, s) = eppq(t, s) and Z’Eizg = epoq(t, s).

Definition 5.11. We say that the function p : T — R is regressive provided

L+ p(t)p(t) # 0

for all t € TF.

The set of all regressive and rd-continuous function f : T — R is denoted

by R or R(T) or R(T,R).

Definition 5.12. Suppose f : T x R? — R. Then the equation

(56) y™ = f(t.y.9°)

is called a first order dynamic equation, sometimes called a differential equa-

tion. If

fty,97) = filt)y + f2(t) or f(t,y,97) = fr(t)y” + fa(t)

for the rd continuous functions f; and fs, then (56) is called a linear equa-
tion. A function y : T — R is called a solution of (56) if

Yy (t) = f(t,y(t),y(o(t))) is satisfied for for all t € TF.
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The general solution of (56) is defined to be the set of all solutions of (56).
Now we move to the definition of regressive function which is different for

first and second order differential equations.

The general form of second order linear dynamic equation is written as:
(57) yo +p(t)y” +a(t)y = f(t)
where p, q, f € C,q. Let us consider an operator Lo : Cfd — Crq by
Lay(t) = y>2(8) +p(t)y™ (t) +a(t)y(t) for t € T*.
Thus the general form of second order equation can be written as
Loy=F.
where Loy = 0 is called homogenous dynamic equation.

Theorem 5.13. The operator Lo : Cfd — Cpq 18 a linear operator, i.e,

Lo(oyy + By2) = aLa(y1) + BLa(y2) for all o, B € R and y1,y2 € CZ,.

The second order linear dynamic equation y“% + p(t)y> + q(t)y = f(t)

is called regressive provided p,q, f € C).4 such that
1 — pu(t)p(t) + p2(t)q(t) #0 forall te T

Theorem 5.14. FExistence and Uniqueness:

Assume that the second order linear dynamic equation

Yot +p(t)y” +a(t)y = f(¢)

is regressive. If to € TF, then the initial value problem

Loy = (1), y(to) = yo, ¥ (to) =5,
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where yo and yOA are given constants, has a unique solution, and this solution

is defined on the whole time scale T.

5.2. Solution to the Second Order Differential Equation

In this section, we will consider the second order boundary value problem

on the general time scale T. We define 3(¢;) as

B(ti) = ainti + a2, 1=1,2.
Consider the boundary value problem
(58) YRR () + M (ty(o(1) =0, t € [tr,o(t2)]r,
with boundary conditions

a11y(ty) + appy®(t) =0

(59)
any(o(ts)) + asy™(o(t2)) =0

where we assume f: [t1,0(t2)] x RT — R is rd continuous.

The general solution to this differential equation is

y(t) = ye(t) + yp(t)

where y.(t) is the complementary solution to the homogeneous equation
yA2(t) = 0 and y,(t) is a particular solution of (58).

The fundamental solution of
(60) y>2(t) =0
is made up of

yi(t) = eolt,t1) =1,

y2(t) = v(t)yi(t) = v(t)
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such that
ys (t) = v2(t) and y3'2 (1) = 0 = v22().
Putting v>(t) = 1, we have
t
v(t) = ya(t) = As=1t—t.

t1

So, the complementary solution y.(t) is
ye(t) = A+ B(t — t1),

where A and B are real constants.

The particular solution y,(t) of the equation
up (1) = —g
is of the form
yp(t) = a(t)yr(t) + B(t)y2(t)
= a(t) + B(t)(t — 1)

where «a(t) and (3(t) are functions of ¢ to be found. The first derivative of
y(t) is given as

Yo' (t) = a® + B2 (o(t) — t1) + B(t).

Assuming
(61) a® + (o (t) —t1) =0,
then
vy () = B(t)
and



y
From this, we have
o) =~ [ ate) &
From (61), a® + f2(o(t) — t1) = 0 implies a®(t) = g(t)(o(t) — t1) and
therefore,
a(t) = /tlt(a(s) —t1)g(s) As.
So,
(0= [ (06 =) a5+ [ (1= 0g(6) A

so that the general solution becomes

vy =a+i-ts+ [ (0(s) = t1)g(s) Ao+ [ = ats) 25

:A+(t—t1)B+/t (o(s) —t)g(s) As,

and

i1
where A and B are constants.
Using the boundary conditions, (59),
1 O'(tg)
A = = [ an(Bo(t) - ano(s)g() s
31

B = - /:anwa(m)—am(s))g(sms

where
d= aHIB(O'(tQ» — 0421/5(t1)

we have

o) = 3 [ (= amols)(nt = Agls) s = [ (0= a(s)als) As
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where (31, B2 are defined in (3). The Green’s function for y** = 0 satisfying

(59) is

(B(a(t2)) — azit)(anio(s) = B1) ift1 <s<o(s) <t;

(B(o(t2)) — agro(s))(ant — B1) ift; <t <s<o(s).

(62) G(t,s) = {

Q- al-

We will assume the following condition throughout this section:

Ag:m(h) <t < o(t2) < m(o(t), where mit;) == U i=1,2
il

Throughout this section, we assume conditions As and Ay.

5.3. Bounds for the Green’s Function

In this subsection, we find the bounds for the Green’s function (62).

Theorem 5.15. Assuming conditions As and Ay, G(t,s) < G(o(s),s) for
(t,s) € [t1,0(t2)] x [t1, 2]
G(t,s) > 1G(0o(s),s) for (t,5) € [742, 2702 [ty 1),

where

_ min{ aro(te) — 46 az10(t2) + 4o }
" 4&110(t2) — 4ﬁ1 ’ 4ﬂ(0(t2)) — 4&210(t1)

Proof. On the interval t < s < o(s),

Glts) = 4(B(olta) ~ amo(s))(ant — 5)
< H(B(o(t)) — ano(s))anols) - )

= G(o(s),s).
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also on o(s) <'t,

Glt,s) = 4(Blolta) — amt)(eno(s) - 4)
< S(Blo(t2)) — ano(s))(anols) - )
= G(o(s),9)

So, G(t,s) < G(o(s),s) for (t,s) € [t1,0(t2)] X [t1,t2]. Also for (¢,s) €

[M 3o (t2)

4

4

G(t,s)

Likewise,

G(t,s)

Y

Y

| X [t1,t2], and t < s,

1

= g(ﬁ(a(h)) —ago(s))(ant — fi)

> 500t —amots)) (21512 - 5,)

o aq10(te) — 40
= g(ﬂ(a(tg)) — ag10(s))(a110(s) — B1) <M>

VG (a(s),s).

v

on o(s) <t,

(B(o(t2)) — azit)(a110(s) — Br)

a0 (ta)

(Btate) = 22270 (anats) - o)

30[210’(t2)
4

<a2m<t2> T am - ) (an10(s) — 1)

<Oé210’(t2) + 4davgs

) (anats) - )

QI Q- Q- Al

01210'(152) + 4oy }

(B(o(t2)) — azio(s))(ano(s) = Bi) {45(0@2)) — dazo(s)

04210(252) + 40&22 }

G(o(s),s) {45(0—(752)) — dagio(tr)

1G(o(s), 8)-
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We will need the following condition:
(B) fo= lim @ and foo = lim @ both exist on the extended real
z—07F T—00

line.

5.4. Existence of Positive Solution

In this section, we will be discussing conditions in which there exist a
positive solution for the boundary value problem. We assume o (t2) is right-
dense so that G(t,s) > 0 for t € [t1,0(t2)], s € [t1,0(t2)].

Assume that [t1, 0 (t2)] is such that

3U(t2)

o(t2)
: b

4

E=min{teT: ¢t> b, w=max{teT: t<

both exist and satisfy

U(f) <t<w< 304(52)'

And if o(w) = tg, also assume o(w) < o(t2). Next, let 7 € [{,w] be defined

by

(63) /5 " Gr5)As = max /5 "Gt 5) As

te[gaw]']l‘

For any interval S, we will denote ST by St.

Finally, we define

G(o(w),s)

64 l= mnom
(64) seltro(t2)] G(o(s), 5)

and set

(65) r = min{~, [}.
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On the set
X = {x: [t1,0%(t2)] — R} define the cone kK C X by

(66) K ={x € X :2(t)>0 on [t,0%(tz)]r, and z(t) > r|z| for t € [¢,0(w)]T}.

Define an integral operator T : kK — X by

o(t2)
(67) (Tu)(t) = A G(t,8)f(u(o(s))) As, u € r,
t1
for t € [t1,0(t2)]r. From the nonnegativity of G(¢, s) and from assumption
(B), if u € k , then Tu(t) > 0 on [t1, o(t2)].
We now show that T : kK — k and that T is completely continuous since for

U € K.

From (67) and Theorem 5.15, for ¢ € [t1,0(t2)],

o(t2)
Tu(t) = A t G(t,s)f(u(o(s))) As
a(t2)
< / G(o(s), ) F(u(o(s))) As
and so,
o(t2)
(68) ITull < Ay / Glo(s), 8) fu(o(s)) As.

Also, from Theorem 5.15 |
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o(t2)
min Tu(t) = )\/ G(t,s)f(u(o(s))) As

125 (3] t1

o(t2)
A / 2G(o(s), 8)f (u((s))) As

t1

v

v

Y Tul|| from (66)

v

r||Tu| from (65)

and also

o(t2)
Tu(o(w)) = A / G(o(w), ) f(u(o(s))) As

t1

v

o(t2)
)\/ IG(o(s),s)f(u(o(s))) As from (64)

t1

o(t2)
>y / 1G(0(s), 5) f(ulo(s))) As from (65)

t1
> rl|Tul.

Thus, Tu € k, and we conclude that T : kK — k. which shows that T is

completely continuous.

Theorem 5.16. Assume that conditions As, A4, and B is satisfied. Then,

for each X satisfying

! <A< !
[r fgw G(1,5) As] foo [ftj(h) G(o(s),s) As]fg’

(69)

there exists at least one positive solution of the BVP (58)-(59) in & .

Proof. Let A be as in (69) and choose € such that

1 1
<A

[r J& G(7.8) As](foo — €) = 7" G(o(s),s) As](fo +€)




7

We seek a fixed point of 1" which belongs to k.

According to the definition of fy, there exist H; > 0 such that
flx) < (fo+e)x for 0 <z < Hy.
Let
Ql = {.%' e X: HCCH < Hl},
and choose u € k with ||u|| = H;. Then from Theorem 5.15 and assuming

right-density of o(t2), for t € [t1, 0% (t2)]T,

o(t2)
Tu(t) = A / G(t, 5)f(u(o(s))) As

t1

o(t2)
< /\/ G(o(s),s)(fo +e)u(o(s)) As

t1

O'(tQ)
< A G(a(s), s)(fo + €)llul| As

<l
Thus, ||Tu|| < ||ul|, and in particular,
(70) |Tul|| < ||u]| for u e xNoQy.

Considering next foo, there exist J; > 0 such that f(z) > (fe — €)x for

x> Ji. Let Jo = max{2H;, 1J;} and let

Qo ={z e X :|z| < J2}.
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If u € k with ||u]| = J2, then I[Iéln] u(t) > rljul| > J; and
te

w]T

o(t2)
Tu(t) = /\/t G(t,s)f(u(o(s))) As

v

A /5 G(t,s)f(u(o(s)))As

v

A /5 G 8) (fae — ulo(s)) As
> /g " G(t5) (oo — ull As
> lull.

Thus, ||Tu|| < ||u|| and, in particular,

(71) |Tu|| < ||u]| for u € kN ONs.

An application of Theorem 2.11 to (70) and (71) yields that 7" has a fixed
point u € kN (Q2\ Q1). Such a fixed point is a desired solution for the given
A O

We will show another range of A for positive solution.

Theorem 5.17. Assume that conditions Ao, A4, and B are satisfied. Then,

for each \ satisfying

1 1
(72) [ JT Gz ) Al <A e 5 Al

there exists at least one positive solution of the BVP (58)-(59) in & .

Proof. From definition of fy, there exist an H; > 0 such that f(z) > (fo—e)x

for 0 <z < Hy. Let

O ={reX:|z| < H}
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Then, for u € k with ||u|| = Hy, we have

o(t2)
Tu(t) = )\/ G(t,s)f(u(o(s))) As

v

A : G(t,s)f(u(o(s))) As

v

A /g TGl 5) (fo — ulo(s)) As

> A /£ G(t,5)(fo — €)|[ul] As

> full-
Thus, ||Tu|| > ||u|| and in particular,
(73) |Tu|| > ||ul| for u € kN OQ.

As we turn to fo, there exists a J; > 0 such that f(z) < (foo +€)z for all
x > Ji. We consider two cases: (a) f is bounded and (b) f is unbounded.
For case (a), suppose N > 0 is such that f(x) < N for all 0 < z < co. Let
o(t2)
(74) Hy = max{2H;, N\ /t1 G(o(s),s)As},
and define
Do ={z e X :|z| < Ha}.

Then, for u € k with |Ju|| = Ha,

o(t2)
Tut) = A / Glt, 3) F(u(o(s))) As

t1

o(t2)
AN G(t,s) As

t1

Jull, from (74)

IN

IN

(75) |Tul|| < ||ul| for u € kK N ONa.
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For case (b), let Hy > max{2H, J1} be such that f(z) < f(H2) for
0<z<H,.
Defining
Qo ={z € X : [lz]| < Ha},

we choose u € k with ||u|| = He. We have

o(t2)
Tu(t) = )\/ G(t,s)f(u(o(s))) As

t1

o(tz)

< A G(o(s),s)f(Hz) As
t1
o(t2)

< )\/ G(o(5), 8)(foo + €) Hs As
t1
a(t2)

< A G(o(s), s)(foo + €)|lull As
t1

< ull

Again
(76) ITu|| < Jjul| for u € kN ONs.

An application of Theorem 2.11 to (73) ,(75) and (76) yields that T" has
a fixed point u € kN (22\Q1). Such a fixed point is a desired solution for
the given . O

5.5. Green’s Function for 2n'" Order BVP on Time Scale

The proof we will state in this section is similar to that of Theorem 3.1

which gives the Green’s function of —y” (t) = 0 satisfying (2).

Theorem 5.18. Suppose that Ga(t, s) is the Green’s function satisfying

—y23 (1) =0
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with boundary conditions

any(t) + a1y (t1)) = 0
any(t2) + azy(t2) = 0
then ,
to
(77) Gn(t,s) = Go(t,w)Gp—o(w,s) Aw ne€ {2k+2: k € N}

t1

is the Green’s function for
(78) (132" (1) =0, ne{2k+2:keN),

with boundary conditions

a1y P (t) + gy (t1)=0

(79)
any®@) (o(t2)) + a2y (0(t2)) =0, k=10,1,2,... 2 — 1

Proof. The proof is similar to Theorem 3.1. U

Theorem 5.19. Assuming conditions (A2) and (A4),then for n € {2k;k €

N,
VEGalo(s),5) < Cultss) for (1,5) € (702 3y, )
and
Gn(t,s) < Gplo(s),s) for (t,s) € [t1,o0(t2)] x [t1,ta].
Proof. The proof is similar to Theorem 3.2. O

5.6. Ezxample

In this section, we will solve some dynamic equations and find the range

of A for which a positive solution can be obtained.
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We consider the general boundary value problem,
v + Af(ty(o(t) =0, teT
with boundary conditions

Oény(tl)—i—OqzyA(tl) =0

a21y(o(t2)) + any®(o(t2)) = 0

The Green’s function is

Gt.s) = 1(B(a(t2)) — amt)(ano(s) = ) ift1 <s<o(s) <t;
é(ﬁ(a(tg)) — 06210(8))<0511t — ,81) if tl S t S S S U(S).
Case (1):
IfT = [tl, tg] S R, then
o(t) =t.
Considering again the conditions, let t; =0, t2 =1, a1 =1, a2 = —1,

ag1 =2, age =3, f(t,y) =y + 1, then
This turns out to be the same example as in Section 2.
Let’s solve the same differential equation with different time scales.
Case (2):
If T = Ny, then
o(t)y=t+1.

and the equation becomes

y(0®(t)) = 2y(a(1)) +y(t) + Af(y(1) =0

with boundary conditions

any(ty) +a2(y(o(ty)) —y(t1)) =0
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an1y(o(ta)) + ara(y(o®(t2)) — y(o(t2))) = 0

Considering the previous condition, t| =0, to =1, a1 =1, ajo = —1,

a1 =2, ags =3, f(t,y) =y +1, then

Glts) — 4 FT2TNCTHA) i <s<o(s) <t

Ol—= O

(5—2s)(1+1¢) ift <t <s<o(s).
We have that £ = %, w = %, 1= % , Y= %, therefore r = £.

f(]:OO, fOO:1

o(tz) 19
/tl G(o(tz),s)As= > Glo(ta),s)= Y  Glta+1,5) = >
t=t1 t=t1
w w w—1 2
/ G(7,s)As = max / G(t,s) As = max G(t,s) = =
¢ telew] Je tefew] £ 3

According to Theorem 5.17, there exist a positive solution for all A in the

interval (0, 35).
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6. THIRD ORDER BOUNDARY VALUE PROBLEM ON TIME SCALE

In this section, we are going to consider the third order boundary value

eigenvalue problem on a general time scale

6.1. Solution to the Eigenvalue Boundary Value Problem on T
In this section, we will try to solve the third order BVP on a time scale.
Consider the boundary value problem
(80) y 280 = M (6 y(o(1) =0, teT
with boundary conditions,

y(t1) =p
(81) yr(o(ta))  =p2
y22 (0% (t3)) = ps

For simplicity, define g(t) = Af(t,y(o(t)))

The general solution to this differential equation is

y(t) = ye(t) +y(0)p(t)
where y.(t) is the complementary solution to the homogeneous equation
Y228 (t) = 0 and y,(t) is the particular solution of (80) satisfying (81).

The equation

AAA
y=oo () =0
has three equal auxiliary solutions, so the solutions are
yl(t) = 60(t,t1) = 1,

wlt) = vBu() =) =t

ys(t) = w(t)yi(t)
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such that y2(t) = w™(t) , y52(t) = whB(t), y&22(@1) = wB2(1t) = 0

Setting w2 (t) = 1, we have that w™ =t —t; and

w(t) = /tlt(s 1) As

so that

So,

ye(t) = Ay + Byz + Cys,
t
= A+B(t—t)+C [ (s—t1)As

t1

where A, B and C are real constants, and
yp(t) = a)y1(t) + p(t)y2(t) + 7 ()ys(t)

= a(t)+p(t)(t = 1) +9(0) [ (s=1) As

so that
o(t)
yR(t) = aA(t>+pA(t)<a(t)—t1)+p(t)+7A(t)/t (s —t1) As + ()t — ty).
Setting
o(t)
(82) 0P+ A0 — )+ () / (5 — 1) As =0,
we have

y2t) = plt) +~(t)(t —t1), and

g2 (1) = (1) R0 (a(t) - tr) +(2).



86

If

(83)

we have

which implies

Pt + 2 ()(a(t) = t1) =0,

From (83),
(34) o(0) = [ (6= ot 8.
From (82),(83) and (84), we have
(85) a(t):/tl(tl—a As—k/tl /:(w (11 — )g(w) As Aw
so that
W) = 5elt) + 00

t

A+ (—t)B+C (s—tl)As—i—/tt(tl—a(s))2g(s)As

t1

-/ / (12 9ty As 3w+ 0= 0) [0 o(o)ato)

+ /t ()As/tl(s—tl)A.



Using the boundary conditions, we have

y(t) = p+({t—t)p2+ps3 </t(3 — 1) As — (t —t1)(t2 — 751))

t1

87

+ / ((m —a(9))(t —o(s) + / f(w — t1)Aw — / (e t1>Aw) 9(s)As

o(t2)
- / (t — t1)(o(tz) — 0(s))g(s)As

t1

+ /tjg(t?’) <(t—t1)(a(t2) “h) —/t(w—tl)Aw> g(s)As

where

t1

Z(t) = p1+ (t — tl)pg + p3 </t(8 — tl) As — (t — tl)(tg — tl)

t1

is the solution to the homogeneous equation

with boundary conditions

y222(1) =0

)
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Also,
(86)
( fg(s) (o(s) —w)Aw ift) <o(s) <t<o(te)
ft1 o(s) —w) Aw if t7 <t <o(s) <o(ta)
ft1 o(t2) — w) Aw if t) <t <o(ty) <o(s)

G(t,s) =19 (t—t1)(o(tz) —t1)
+ [ (0(s) —t+t1—w) Aw if ty < o(ts) <os) St <
ft1 o(ts) — w) Aw ift; <o(ta) <t<o(s)

\ fg(S)(g(S) —w) Aw ift; <o(s) <o(te) <t

is the Green’s function satisfying

y>22 (1) =0

with boundary conditions
ylt) = 0
y(o(tz)) = 0

Condition:

e [T (o (ty) — w)Aw > 0

6.2. Existence of Positive Solution

The following Lemma and Theorems will be stated without proof.

Lemma 6.1. Assuming condition C1 holds, the Green’s function

G(t,s) > 0 for (t,5) € (t1,0%(t3)] x (t1,0%(t3)].

Proof. The proof is similar to Theorem 4.1.
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Theorem 6.2. G(t,s) < G(a(s),s) for (t,s) € [t1,02(t3)] x [t1,02(t3)]
and G(t, s) > j;‘IQ(tS)(g(tQ)—w)Aw for (t,0(s)) € [o(ta), 02 (ts)]x [0 (t2), o2(t3)]

Proof. The proof is similar to Theorem 4.2. ([l

We will now show the interval for A for which there exist a positive solu-
tion. All the symbols used here are as define in Section 4.

Define

i (t3 —t1)(o(ta) — t1) + fii(s) (o(s) —t3+t1 —w)Aw ff(ts)(g(@) —w) Aw
o(t)<0 St | (ty — tr)(0(t2) — t1) + [P (0(s) —ta + t1 —w)Aw [T (o(t2) — w) Aw

Now, we state without proof the range of the values of A for which there

exist a positive solution.

Theorem 6.3. For each )\ satisfying

(87)
! <A< 1
[ o a o2 o(s 9
[r faéit)s) ( t12(t5)(0.(t2) _ w)Aw) As] foo [ N (t3) tl( )(O'(S) — w)AwAs|fy

there exists at least one positive solution of the BVP (80) satisfying (81) in

K .
Proof. The proof is similar to Theorem 4.3 and 4.4. U

Theorem 6.4. For each )\ satisfying

(88)

1 1
<A<

S (ST o) — wyaw) Aslfe 1T [0 (s) —w) Aslfec

there exist at least one positive solution of the BVP (80) satisfying (81) in

K .

Proof. The proof is similar to Theorem 4.3 and 4.4. (|
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Next, we find the Green’s function of the 3n*" order BVP defined below

on time scale.

Theorem 6.5. Suppose that Gs(t,s) is the Green’s function satisfying

y222 (1) =0
with boundary conditions
y(t1) =0
Yy (t2) =0
y>2(t3) = 0

then ,

(89) Gn(t,s):/tt3 Gt w)C_s(w,5) Aw ne {3k+3: ke N}

1

is the Green’s function for
(90) AN =0, ne{3k+3:keN},

with boundary conditions

M) =0
(91) yA(3k+1)(t2) -0

yABED (1) =0, k=0,1,2,... 2 — 1.

Proof. The proof is similar to Theorem 4.5. U

6.3. Example

In this section, we will find the solutions and interval for A for which the
third order boundary value problem has a positive solution.

Case 1: T = [ty, 3]



In this case, o(t) =t so that the differential equation
YRR = Ay +1)=0, teT
with boundary conditions

y(t1) = p
y*(o(t2)) = p2
Y>3 (0% (t3)) = ps
becomes that of Section 1.
Case 2: T =N
For this,

o(t)=t+1,

such that the equation becomes

y(0¥ (1)) — 3y(e>(1)) + y(o(t) — y(t) — Aly(t) + 1) =0, t €T

with boundary conditions

y(t1) = p1
y(a*(t2)) — y(o(t2)) = p2
y(a'(t3)) — 2y(0(t3)) + y(o®(t3)) =

p3-

91
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Let t1 =1, to =26, t3 =4, p1 =1, po =0, p3 = —1. Then the Green’s

function is given as

1

35(s+1)
T(2s—t+2)(t—1)

Gt s) = F(1—t)(t—172)

T1-1)(t—172)

3s(s+1)

So,

o?(t3) o?(t3)
L[ et -wa
O'(tg) t1
o?(t3) a(s)
/ / (o(s) —w)Aw
t1 t1

and r = 0.692943, fo = o0, foo =

—2.64+0.55% +s(1.5 — 1.t) + 2.6t ift; <o(tz) <o

o) -
)>

ift; <o(s) <t <oty

ift;1<t<o

2) <

)

if t; <t <a(s) < olts)
(t2) < o(s)

t

o(t3)—107(t3)—1

>3 =6

s=o(ty) w=t1

o?(t3)—1o(s)—

= Z Z ) —w) =35

s=t1 w=t1

1. We have that there exist a positive

solution of y(t) for all A in the interval (0, 5=).
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7. CONCLUSION

In this work, the use of Guo-Krasnosel’skii fixed point theorem for solving
for positive solution of the second and third order BVP dynamical equations

on time scale is established. Theorem 3.1 and 4.5 helps in extending our

(th) (th)

work to solve the 2n and 3n order BVP dynamical equation respec-
tively. Many results concerning differential equations carry over quite easily
to corresponding results for difference equations, while other results seem
to be completely different from their continuous counterparts. The study
of dynamic equations on time scales reveals such discrepancies, and helps
avoid proving results twice, once for differential equations and once again
for difference equations. The general idea is to prove a result for a dynamic
equation where the domain of the unknown function is a so-called time scale
(also known as a time-set). In this way, results apply not only to the set

of real numbers or set of integers but to more general time scales such as a

Cantor set.
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