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Local Lagged Adapted Generalized Method Of Moments And Applications'
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Abstract

In this work, an attempt is made for developing the local lagged adapted generalized method of moments (LLGMM).
This proposed method is composed of: (1) development of the stochastic model for continuous-time dynamic process,
(2) development of the discrete-time interconnected dynamic model for statistic process, (3) utilization of Euler-type
discretized scheme for nonlinear and non-stationary system of stochastic differential equations, (4) development of
generalized method of moment/observation equations by employing lagged adaptive expectation process, (5) intro-
duction of the conceptual and computational parameter estimation problem, (6) formulation of the conceptual and
computational state estimation scheme and (7) definition of the conditional mean square e-best sub optimal procedure.
The development of LLGMM is motivated by parameter and state estimation problems in continuous-time nonlinear
and non-stationary stochastic dynamic model validation problems in biological, chemical, engineering, financial,
medical, physical and social sciences. The byproducts of LLGMM are the balance between model specification and
model prescription of continuous-time dynamic process and the development of discrete-time interconnected dynamic
model of local sample mean and variance statistic process (DTIDMLSMVSP). DTIDMLSMVSP is the generalization
of statistic (sample mean and variance) drawn from the static dynamic population problems. Moreover, it is also an
alternative approach to the GARCH (1,1) model and its many related variant models (e.g., EGARCH model, GJR
GARCH model). It provides an iterative scheme for updating statistic coefficients in a system of generalized method
of moment/observation equation. Furthermore, application of the LLGMM method to stochastic differential dynamic
models for energy commodity price, U. S. Treasury Bill Yield Interest Rate and U. S.-U.K. Foreign Exchange Rate
exhibits its unique role and scope.

Keywords: Conceptual computational/theoretical parameter estimation scheme; Sample mean/ variance dynamical

model; Local Lagged adapted GMM (LLGMM); Local moving sample mean/variance; Reaction/response time delay.
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1. Introduction

Recently, several models have been developed to investigate the volatility process described by stochastic differ-
ential equations [30, 49] and stochastic difference equations [16]. It is well-recognized that volatility is predictable
in many asset markets [4]. Moreover, it is observed that the volatility predictability varies significantly. Engle [16]
developed a class of discrete-time models where the variance depends on the past history of the commodity/service.
Bollerslev [4] generalized models in [16] to the GARCH(p,q).

The estimate for the variance of general statistic from a stationary sequence can be obtained using the concept
of moving average [7]. Employing the batched mean, the grand mean of the individual batch mean and introducing
ASAP3 [29], it is shown that ASAP3 fits AR(1) time series model to the batch mean and it provides a better technique
for determining points and confidence-interval estimators. The Kalman Filtering approach is another technique for
estimation scheme. It is widely known and well recognized [15, 28, 41] that the Kalman filtering approach for the
system parameter and state estimation problems is based on the continuous time coupled system of state dynamic and
observation systems. Using the batched mean and the first order iterative process for X, [48], a first order iterative
process [48] is developed to estimate the population variance from a given time series data set.

For the past 40 years, researchers [3, 9, 11, 15, 17, 18, 19, 29, 31, 32, 35, 36, 38, 39, 40, 41] have given a lot of
attention to estimating continuous-time dynamic models from discrete time data sets. The Generalized Method of Mo-
ments (GMM) developed by Hansen [17] and its extensions [11, 18, 19] have played a significant role in the literature
related to the parameter and state estimation problems in linear and nonlinear stochastic dynamic processes. Under
the continuous-time dynamic and discrete time data collection processes, the GMM and its extensions/generalizations
are comprised of these components, namely: 1). Stochastic differential equations of Ito-Doob type, 2). Euler-type
discretization scheme/using econometric specification, 3). the general moment function, 4). minimizing functional or
objective criterion function [17].

Most of the existing parameter and state estimation techniques except for the Kalman filtering are centered around
the usage of either overall data sets [11, 18, 19], batched data sets [7], or local data sets [39] drawn on an interval of
finite length 7. This leads to an overall parameter estimate on the interval of length 7.

In this paper, an innovative method, the “Local Lagged Adapted Generalized Method of Moments” (LLGMM)
is developed in a systematic and unified way. It is based on a foundation of correctly utilized mathematics: (a)
the Ito-Doob Stochastic Calculus, (b) the formation of continuous-time differential equations for suitable functions

of dynamic state with respect to original SDE (using Ito-Doob differential formula), (c) constructing corresponding
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Euler-type discretization schemes, (d) developing general discrete-time interconnected dynamic model of local sam-
ple mean and variance statistic processes (DTIDMLSMVSP), (e) the fundamental properties of solution process of
system of stochastic differential equations, for example: existence, uniqueness, continuous dependence of parame-
ters. The LLGMM approach is composed of seven interconnected components: (1). development of the stochastic
mathematical model of continuous time dynamic process [23, 24], (2). development of the discrete-time intercon-
nected dynamic model for statistic process, (3). utilizing the Euler-type discretized scheme [21] for nonlinear and
non-stationary system of stochastic differential equations (1), (4). employing lagged adaptive expectation process
[33] for developing generalized method of moment/observation equations, (5). introduction of the conceptual and
computational parameter estimation problem, (6). formulation of the conceptual and computational state simulation
scheme and (7). definition of the mean square e-sub optimal procedure.

A brief outline for the motivation and rationale for the development of the multi-component LLGMM is given
below. The LLGMM is motivated by parameter and state estimation problems of continuous time nonlinear stochas-
tic dynamic model of energy commodity markets [30]. In fact, it is also applicable to apparently different dynamic
processes that are conceptually similar dynamic processes in biological, chemical, engineering, financial, medical and
physical and social sciences. Moreover, one of the goals of the parameter and state estimation problems is for model
validation rather than model misspecification [11]. For the continuous-time dynamic model validation, we need to
utilize the existing real world data set. Of course, the real world time varying data is drawn/recorded at discrete-time
on a time interval of finite length. In view of this, instead of using existing econometric specification/Euler-type nu-
merical scheme, we construct the stochastic numerical approximation scheme [21] using continuous time stochastic
differential equations. In almost all real world dynamic modeling problems [23, 24, 25, 33, 34], future states of con-
tinuous time dynamic processes are influenced by the past state history (that is, history) and response/reaction time
delay processes influencing present states [25, 30, 33]. In fact, the discrete-time dynamic models depend on the past
state of a system [22, 25]. The influence of state history, the concept of lagged adaptive expectation process [33]
and the idea of a moving average [20] lead to the development of the general discrete-time interconnected dynamic
model of local sample mean and variance statistic processes (DTIDMLSMVSP). A few by-products of the discrete-
time sample mean and variance statistic process are: (a) to initiate ideas for the usage of discrete-time interconnected
dynamic approach parallel to the continuous-time dynamic process, (b) shorten the computation time and (c) to sig-
nificantly reduce the state error estimates. Utilizing the Euler-type [21] stochastic discretization of the continuous
time stochastic differential equations/moment/observation, the discrete-time interconnected dynamic approach paral-
lel to the continuous-time dynamic process and the given real world time series data and the method of moments [8],

systems of local moment/observation equations are constructed. Using discrete-time interconnected dynamic model



for statistic process and the lagged adaptive expectation process [33] for developing generalized method of moment
equations, the notions of data coordination, theoretical iterative and simulation schedule processes, conceptual and
computational parameter estimation scheme, conceptual and computation state simulation and mean-square optimal
procedure are introduced. In fact, our approach is more suitable and robust for forecasting problems than the existing
methods. It also provides upper and lower bounds for the forecasted state of the system. Moreover, its computational
aspect is a nested ’two scale hierarchic” quadratic mean-square optimization process whereas the existing GMM and
its extensions are ”single-shot”.

The organization of this paper is as follows:

In Section 2, using the role of time-delay processes, the concept of lagged adaptive expectation process [33],
moving average [20], local finite sequence, local mean and variance, discrete-time dynamic sample mean and variance
statistic processes, local conditional sequence and local sample mean and variance, we develop a general discrete time
interconnected dynamic model for local sample mean and variance statistic processes (DTIDMLSMVSP). Moreover,
DTIDMLSMYVSP is the generalization of statistic of random sample drawn from the static” population. In Section 3,
we construct a local observation system from a nonlinear stochastic functional differential equations. This is based on
the Ito-Doob stochastic differential formula and Euler-type numerical scheme in the context of the original stochastic
systems of differential equations and the given data. In addition, using the method of moments [8] in the context of
lagged adaptive expectation process [33], we briefly outline a procedure to estimate the state parameters, locally. Using
the local lagged adaptive process and the discrete-time interconnected dynamic model for statistic process, the idea
of time series data collection schedule synchronization with both numerical and simulation time schedules induces
a finite chain of concepts in Section 4, namely: (a) local admissible set of lagged sample/data/ observation size, (b)
local class of admissible lagged-adapted finite sequence of conditional sample/data, (c) local admissible sequence of
parameter estimates and corresponding admissible sequence of simulated values, (d) e-best sub-optimal admissible
subset of set of my-size local conditional samples at time #; in (a), (e) e-sub-optimal lagged-adapted finite sequence
of conditional sample/data and (f) finally, the e-best sub optimal parameter estimates and simulated value at time #;
for k = 1,2,..., N in a systematic way. In addition, the local lagged adaptive process and DTIDMLSMVSP generate
a finite chain of discrete-time admissible sets/sub-data and corresponding chain described by simulation algorithm.

Furthermore, a conceptual Matlab code and its implementation scheme are designed.

2. Derivation of Discrete Time Dynamic Model for sample mean and variance Processes.

In this section, we introduce an innovative component of an innovative GMM-based approach that plays a role

not only in state and parameter estimation problems in continuous time nonlinear stochastic dynamic model of the
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energy commodity market [30], but also plays the same role in models developed in the areas of economics/finance, in
particular, to the US Treasury Bill Interest Rate and the U.S.-U.K. Foreign Exchange rate models. The existing GMM-
based parameter and state estimation techniques for testing/selecting continuous-time dynamic models [10, 11, 18, 19]
are centered around discretization and model misspecifications errors in the context of usage of entire time-series data,
algebraic manipulations and econometric specification for formation of orthogonality condition parameter vectors
(OCPV). The existing approaches lead to an overall/single-shot state and parameter estimates and requires the ergodic
stationary condition for convergence. Furthermore, the existing GMM-based single-shot approaches are not flexible
to correctly validate the features of continuous-time dynamic models that are influenced by the state parameter and
hereditary processes. In fact, in many real-life problems, the past and present dynamic states influence the future
state dynamic. In the formulation of one of the components of the LLGMM approach, we incorporate the past state
history” via local lagged adaptive process [33].

Moreover, based on one of the goals of applied mathematical and statistical research, we develop a tool or method
that is applicable or useful for apparently different yet conceptually similar processes in biological, chemical, engineer-
ing, energy commodity markets, financial, medical and physical and social sciences. In the framework of the stated
goal, employing the hereditary influence of a systems [25, 30, 33], the concept of lagged adaptive expectation process
[33] and the idea of moving average [20], we develop a very general discrete-time interconnected dynamic model of
local sample mean and variance statistic processes (DTIDMLSMVSP) with respect to an arbitrary continuous-time
stochastic dynamic process. The development of idea and discrete-time interconnected dynamic model of statistic for
mean and variance processes is motivated by the state and parameter estimation problems of any continuous time non-
linear stochastic dynamic model. Moreover, the idea of DTIDMLSMVSP was primarily based on the sample mean
and sample variance ideas as statistic for a random sample drawn from a static population in the descriptive statistics
[8]. The role and scope of DTIDMLSMVSP, in particular, the problems of long-term price forecasting and interval
estimation problems with a high degree of confidence are also addressed. For this purpose, we need to introduce a
few definitions and notations.

Let 7 and 7y be finite constant time delays such that 0 < v < 7. Here, 7 characterizes the influence of the past
performance history of state of dynamic process and y describes the reaction or response time delay. In general, these
time delays are unknown random variables. These types of delay play a role in developing mathematical models of
continuous time [25] and discrete time [22, 33] dynamic processes. Based upon the practical nature of data collection
process, it is essential to either transform these time delays into positive integers or to design the data collection
schedule in relation to the aforementioned delays. For this purpose, we describe the discrete version of time delays of

7 and y as
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respectively. Moreover, for the sake of simplicity, we assume that 0 <y < 1 (q=1).

Definition 2.1. Let x be a continuous time stochastic dynamic process defined on an interval [—7, 7] into R, for some
T > 0. For t € [-7,T], let ¥, be an increasing sub-sigma algebra of a complete probability space (Q, 7, P) for which

x(t) is F; measurable. Let P be a partition of [-7, T'] defined by
P:={t;= -1+ (r+iAt}, for i€l (N), (22)

where At = %, and [;(k) is defined by l;(k) = {je Z |i < j < k}.

Let {x(t,-)}fi _, be a finite sequence corresponding to the stochastic dynamic process x and partition P in Definition
2.1. We further note that x(#;) is ¥, measurable for i € I_.(N). We recall the definition of forward time shift operator
F[6]:

Fix(t) = x(tgs). (2.3)

In addition, let us denote x(¢;) by x; for i € I_.(N).
Definition 2.2. For ¢ = 1 and r > 1, each k € Iy(N) and each m; € I,(r + k — 1), a partition Py of closed interval
[#4—m,» tk—1] 1s called local at time #; and it is defined by

P, = ey < tp—myr1 < oo < Ip—1. 2.4)
Moreover, P is referred as the m;—point sub-partition of the partition P in (2.2) of the closed sub-interval [#4_p,, tk-1]
of [-7,T].
Definition 2.3. For each k € Iy(N) and each my € I,(r + k — 1), a local finite sequence at a time #; of the size my, is

restriction of {x(ti)}ﬁ _, to Py in (2.4) [2], and it is defined by

Sk = {F X1 )0

i=—mi+1°

(2.5)

As my varies from 2 to k + r — 1, the corresponding local sequence S, at # varies from {x,v}fF:‘k'_2 to {x,-}’l‘_‘1 . As

a result of this, the sequence defined in (2.5) is also called a my-local moving sequence. Furthermore, the average



corresponding to the local sequence S,  in (2.5) is defined by

- 1 .
Sk = — F'x_y. 2.6
ok = Z Xk-1 (2.6)

The average/mean defined in (2.6) is also called the my-local average/mean. Moreover, the my-local variance corre-

sponding to the local sequence S, x in (2.5) is defined by

2
0 . 0 .
% 2 (lek—l - mL 2 ijk—l) ) for small my
2 o k i=—mi+1 k J=—m+1 27
myk * T 0 0 2 ( . )
1 ‘ 1 j
el D (F’xk_l — o > fok_l) , for large my
i=—my+1 J=—mi+1
Definition 2.4. For each fixed k € Iy(N), and any my € I,(k + r — 1), the sequence {§ i’k}{:klfmk is called a my— local
moving average/mean process at f;. Moreover, the sequence {s?k}f:’,j_l1lk is called a m;— local moving variance process

at ty.

Definition 2.5. Let {x(t,')}f; _, be arandom sample of continuous time stochastic dynamic process collected at partition
P in (2.2). The local sample average/mean in (2.6) and local sample variance in (2.7) are called discrete time dynamic

processes of sample mean and sample variance statistics.

Definition 2.6. Let {x(ti)}fi _, be arandom sample of continuous time stochastic dynamic process collected at partition
P in (2.2). The my-local moving average and variance defined in (2.6) and (2.7) are called the m;-local moving sample
average/mean and local moving sample variance at time #;, respectively. Moreover, my-local sample average and my-
local sample variance are referred to as local sample mean and local sample variance statistics for the local mean and
variance of the continuous time stochastic dynamic process at time #, respectively. Moreover, S, and s,znk are called

sample statistic time series processes.

Definition 2.7. Let {E[x(#)|%;._, ]}f\i _,+ be a conditional random sample of continuous time stochastic dynamic pro-
cess with respect to sub-o algebra 7, t; € P in (2.2). The my-local conditional moving average and variance defined
in the context of (2.6) and (2.7) are called the my-local conditional moving sample average/mean and local conditional
moving sample variance, respectively.

The concept of sample statistic time-series/ process extends the concept of random sample statistic [8] for static
dynamic populations in a natural and unified way. In the following, employing Definition 2.7 , we introduce n discrete-
time interconnected dynamic model of local sample mean and variance statistic processes (DTIDMLSMVSP), namely,

conditional sample mean and variance. This discrete-time algorithm/model would play an important role in state and

parameter estimation problems for nonlinear and non-stationary continuous-time stochastic differential and difference
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equations. Moreover, it provides feedback for both continuous-time dynamic model and corresponding discrete-time

statistic dynamic model for modifications and updates under the influence of exogenous and endogenous varying

forces or conditions in a systematic and unified way. Moreover, it is obvious that the discrete-time algorithm eases

the updates in the time-series statistic. Now we are ready to state and prove a change in S, x and sik  With respect to

change in time #;. This fundamental result is motivated by Exercise 5.15 in [8].

Lemma 2.1. DISCRETE TIME INTERCONNECTED DYNAMIC MODEL OF LOCAL SAMPLE MEAN AND

VARIANCE PROCESSES (DTIDMLSMVSP). Let {E[x(1,)|F;._, 1}

N
i=—r+1

be a conditional random sample of contin-

uous time stochastic dynamic process with respect to sub-o algebra ¥, t; belong to partition P in (2.2). Let S, x

and sﬁu « be mi-local conditional sample average and local conditional sample variance at t; for each k € Ip(N).

Then, a discrete time interconnected dynamic model of local conditional sample mean and sample variance statistic

is described by
_  m, & _ G
Smk-pn,k*[’” T M Smk-,;,k*.'? + My p k=p> Smo,o =S80
my—1 P My 2 M—p G2 1l <
e P e ki T 7 epep | T Emici k15 for small my, my_; < my
i=1 | TT my—; 1T my—j
0 = 2.8)
S/%u-,k = L mi—1 | 2 Mk—p 52 I <
Z T Sk T e peep T Em k=15 for large my, my_y < my,
i=1| [T my; [T my-j
j=0 J=0
sfn,i = siz,i € 1_,(0), initial conditions
is
where
| —my_p+1 ) | 0
— i _ Mt ey
Mmpk=p = Mi—pt1 | . 2 F Xk—p F P Xie—p F P Xg—p + F Xk-p|>»
l:—mk,r,+1+l
)4 —i+1 2 P —itl-my_; 2 p —i+2-m 2
_ om—1 (F*'x1) (F k=i X1 ) (F k=i X1 )
Emyr k=1 = i Z i1 - Z i1 - Z i1
i=1 [T my—; i=1 T my—; i=1 T my—;
J=0 J=0 =0
—i+1 ]
—i+2-my_j Flag 1 Foxe
p (F'x-1)? » Ls=—i+2—my_is1
mi—1 I=—i+2-my_j, I#s
+oo 2 i + 2 o
i=1 T my—j i=1 [T my—;
=0 =0
0 (2.9)
1 I s
o 2 oo Foxe,
Ls=—my+1
I#s
—i+2-my_; . )
. . (F'xi-1)
P (Ffulxk 1)2 14 (F"*l""k—ixk ])2 14 (F”*z”"k—ixA 1)2 L
— — — - = k—i+1
€my_y k-1 = Z i1 - Z i1 - Z i1 + Z i—]’
i=1 [ my—; i=1 [T mj i=1 [T my—; i=1 [ my—j
j=0 » =0 j=0 =0
—i+
Fla 1 F* X
p Ls=—i+2—my_i+1 0
l#s 1 Fl F*
+2 = e DY X1 F Xy
i=1 [1my_; Ls=—my+1
Jj=0 I#s




Proor. The proof of Lemma 2.1 for small my, my_; < my, is given in Appendix A. The case for small my, my < my_;
is also described in Appendix B. The proof for large my, my_y < my, is given in Appendix C. |

Remark 2.1. The interconnected dynamic statistic system (2.8) can be re-written as the one-step Gauss-Sidel dy-

namic system [26] of iterative process described by

X(k; p) = Ak, X(k = 15 p); p)X(k — 1; p) + e(k; p), (2.10)
srznk_,,,,] J—p+1
2
X, (k: p) k2
Where X(k; p) = b Xl(k; p) = Smk,,,+1,k—p+l5 Xz(k) = : )
Xo(k; p)
2
my_y,k—1
Sik,k
Ap(k; p) Ap(k; p) m
Ak X(k - 15 p): p) = Ankip) = 2 A =(0 0 ... o)
Aoi(k,X(k—1;p);p)  Ax(k;p)
0
0
, for small my
0
(m—Dmy_p &
km) S Mi—p.k—p
my I:Ir)mk’/
Aoy (ks p) = 2 )
0
0
, forlarge my,
0
p—’TLk_P S_mk—p’kfp
[T m-;
j=0




0 1 0 0 0
0 0 1 0 .. 0
0 0 0 . , for small my
0 .. 0 0 0 1
(m—Dmy—py (=D py (mg=Dmy—pviz (my—Dymy_y
=1 2 =
my l_[ My—j my l_[ My—j my H My j k
Ax(k; p) = i = -
0 1 0 0 .. 0
0 0 1 0 .. 0
0 0 0 , for large my
0 e 0 0 0 1
my—p—1 M—p+1—1 M—pri-1—1 my_1—1
p-1 p-2 e p—i my
H My H My j ﬂ m_j
J=0 J=0 J=0
0
e (k; p) 0 . Emy k-1, for small my
e(k; p) = s €1(k; p) = Ny, k—p» €2(k; p) = R
ex(k; p) : €m_ k-1, for large my
e

Remark 2.2. For each k € Ij(N), p = 2 and small my, the inter-connected system (2.8) reduces to the following

special case:

X(k;2) = Ak, X(k — 1;2); 2)X(k — 1;2) + e(k; 2), (2.11)
X (k;2) _ 551 1
where X(k; 2), A(k; 2) and e(k; 2) are defined by X(k;2) = CX1(k2) = S a1, Xo(k;2) = | M,
X>(k;2) sak’k

Aj(k;2) Ak 2) - 0
A(k;2) = An(k2) = e Alz(k;2)=(o 0),A21(k;2)= :

m=1? (m=Dm > &

Ani(k;2)  An(k;2) Wy M2 k=2
0 1 e (k;2) 0
Ay (k;2) = (mee) (meel) ,e(k;2) = ;ep(k;2) = Mg k=2» e (k;2) = and
’71’1;113’”:‘?*2 = mzmkil eZ(k; 2) Emy_y k-1
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—my_p+1
1 ; a1 — 0
Mmak=2 = [ 2 Fixeo = F g = F "2 x 0 + F xk—z} ,

i=—my_1+1
2 _ 2 _ 2 _ 2 e 2 _ 2
e m=1 [ (FOx1) =(F ™1 x5 ) =(F' ™1 x,) " (F'xor) =(F'""™-21 ) =(F ™21
Mmyg—1,k—1 g M mgmy_y
-1 0 . .
T X FaaFlxa w, X FluaaFlxge
Y (Flgo)? =i Y (Fgo)? |  bi=l-m
—1 | i=—my_ i#j i=1-m, i#j
+mk k-1 + ] + 3 _ J .
my My my—y mymy—y my m

Remark 2.3. Define ¢ = m;—;lmm“—;‘, @ = myﬁl—;l%, and ¢3 = % For small my, nmy_y < my, Yk, we have ¢; < 1,

2 < 1, and g3 < 1. From 0 < g;,i = 1,2,3, and the fact that ¢, + ¢ = 251 [y + 22| < 25d [y + 1] <

2 2
mk M1 ln/\'

2_
mi—1

< 1, the stability of the trivial solution (X(k; 2) = 0) of the homogeneous system corresponding to (2.10) follows.

7
M

Moreover, under the above stated conditions, the convergence of solutions of (2.10) also follows.

Remark 2.4. From Remark 2.2, we note that the local sample variance statistics at time #; depends on the state of
the my_; and my_,-local sample variance statistics at time #;,_; and #_,, respectively, and the m;_;-local sample mean

statistics at time #;_».

Remark 2.5. The role and scope of the DTIDMLSMVSP are summarized below:

e The ” discrete-time interconnected dynamic model for statistic process” (DTIDMLSMVSP) ” is the second

component of the LLGMM approach.

e The “discrete-time interconnected dynamic model for statistic process” (DTIDMLSMVSP) (Lemma 2.1) is also

valid for a transformation of data.
o [t is generalization of “statistic” of random sample drawn from ’static”” population problems.

e Moreover, "Lemma-2.1" provides iterative scheme for updating statistic coefficients in the local systems of

moment/observation equations in the LLGMM approach.
e This indeed accelerates the speed of computation .
e The DTIDMLSMVSP does not require any type of stationary condition.
e The DTIDMLSMVSP plays a very significant role in the local discretization and model validation errors.
e The presented approach is more suitable for forecasting problems.

o These features will be further emphasized in the subsequent sections.
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Remark 2.6. The further usefulness of the discrete time interconnected dynamic model of local sample mean and
local sample variance statistic process (DTIDMLSMVSP) arises in the estimation of volatility process of a stochastic
differential or difference equations. This model provides an alternative approach to the GARCH(p,q) model [4, 5]. We
shall later compare the my-local sample variance statistics with the GARCH(p,q) model and show that the my-local

sample variance statistics gives a better forecast than the GARCH(p,q) model.

3. Theoretical Parametric Estimation Procedure

In this section, we formulate a foundation based on a mathematically rigorous theoretical state and parameter
estimation procedure for a very general continuous-time nonlinear and non-stationary stochastic dynamic model de-
scribed by a systems stochastic differential equations [24]. This work is not only motivated by the continuous-time
dynamic model validation problem [30] in the context of real data energy commodities, but also motivated by any
continuous-time nonlinear and non-stationary stochastic dynamic model validation problems in biological, chemical,
engineering, financial, medical, physical and social sciences. This is because of the fact that the development of
existing Orthogonality Condition Based GMM (OCBGMM) procedure [9, 10, 18, 19] is primarily composed of five
components: (1) testing/selecting continuous-time stochastic models for a particular dynamic process in finance that
is described by stochastic differential equation, (2) using either Euler-type discretization scheme or a discrete-time
econometric specification regarding the stochastic differential equation specified in (1), (3) formation of orthogonal-
ity condition parameter vector (OCPV) using algebraic manipulation, (4) using (2), (3) and the entire time series
data set, finding a system of moment equations for the OCBGMM and (5) single-shot parameter and state estimates
using positive-definite quadratic form. The existing OCBGMM lacks the usage of Ito-Doob calculus, properties of
stochastic differential equations and its connectivity with the usage of econometric specification based discretization
scheme, orthogonality conditional vector and the quadratic form. In this section, we make an attempt to eliminate
the drawbacks, operational limitations and the lack of connectivity and limited scope of the existing OCBGMM.
This is achieved by utilizing (i) historical role played by hereditary process in dynamic modeling [23, 24, 25, 33],(ii)
Ito-Doob calculus [21, 22, 24], (iii), fundamental properties of stochastic system of differential equations, (iv) the
lagged adaptive process [33] and (v) the discrete-time interconnected dynamics of local sample mean and variances
statistic processes model in Section 2 (Lemma 2.1), (vi) developing the Euler-type numerical schemes [21] for both
stochastic differential equations generated from the original stochastic systems of differential equations and the orig-
inal stochastic systems of differential equations, (vii) systems of moments/observation equations and (viii) forming a
local observation/measurements systems in the context of real world data.

We consider a general system of stochastic differential equations under the influence of hereditary effects in both

12



the drift and diffusion coefficients described by
dy = f(1,y)dt + o(t,y )dW(1), y,, = @0, (3.1

where y,(0) = y(t + 0), 0 € [-7,0], f, o : [0,T] X C — R are Lipschitz continuous bounded functionals; C
is the Banach space of continuous functions defined on [—7, 0] into R? equipped with the supremum norm; W(r) is
standard Wiener process defined on a complete filtered probability space (2, 7, (F )0, P); ¢y € C, and y,(to + 6) is
(F), measurables; the filtration function ()5 is right-continuous, and each #; with ¢ > #, contains all P-null events

in 7; the solution process y(#y, ¢,)(?) of (3.1) is adapted and non-anticipating with respect to (F);»o.

3.1. Transformation of System of Stochastic Differential Equations (3.1)

Let V € C[[-T, c0] x R4, R™], and its partial derivatives V;, ‘g—‘y/, ZZT‘Z/ exist and are continuous. We apply Ito-Doob

stochastic differential formula [24] to V , and we obtain
dv(s,y) = LV(t,y,y)dt + Vy(1,y)o(t,y, )dW(1) (3.2)

where the L operator is defined by

LV(t,y,y) = Vit,y) + Vs, It y,) + 1ir(Vyy (6, )b(1, Y,))

3.3)
b(l, y[) = O'(I, yz)o-T(t, Yr)
3.2. Euler-type Discretization Scheme for (3.1) and (3.2)
For (3.1) and (3.2), we present the Euler-type discretization scheme [21]:
Ay; = (i, y, )AL+ o (tio1,y, )AW(@), i€ 11(N) (3.4)
AV(t,y(1)) = LV(tii1, Y@, ¥, )AL + Vy(tior, y(ti-1))o (tio1, Y, JAW (1)

Define ¥, , = ¥;-1 as the filtration process up to time #;_;.
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3.3. Formation of Generalized Moment Equations From (3.4)

With regard to the continuous time dynamic system (3.1) and its transformed system (3.2), the more general

moments of Ay(#;) are as follows:

E[Ay(t)|Fi-1] = i1y, A,

E [(Ay(t) = E[Ay(t)IFi1]) (Ay(t) - E [Ay@IFi ) 151 = (o007) (i1, )AL,
E[AV(, y(t)IFi1] = LV(ti1, ¥y, )AL
E [(AV(t:, y(1) = E [AV(t, Ya)IFi ) AV, 5(@0) = E[AV @ YNFa D 1Fia| = Byt y,.)

(3.5
where B(t;-1,y(ti-1),¥,_,) = Vy(lie1, YE-1)Db(tiz1, ¥, ) Vy(tiz1, y(#:-1))TAt;, and T stands for the transpose of the ma-

trix.

3.4. Basis for Local Lagged Adaptive Discrete-time Expectation Process

From (3.4) and (3.5), we have

Ay, E[AY(t)IFi-1] + o(tim1, y, JAW(@), i € II(N)
E[AV(, yuDIFier] + Vy(tior, ytio))o (i1, Y, JAW (1)

(3.6)

AV(t;, y(1:)
This provides the basis for the development of the concept of lagged adaptive expectation process [33] with

respect to continuous time stochastic dynamic systems (3.1) and (3.2). This indeed leads to a formulation of m-local

generalized method of moments at #.

Remark 3.1. (Block Orthogonality Condition Vector for (3.1) and (3.2))
From (3.6), we note that one can define a block vector of orthogonality condition [10] as
Ay(t;) — £(ti-1, y(ti-1)AL;
H(ti1, y(@), y(ti1)) = (3.7)
AV(ti-1, (@) — LV(ti-1, Y(ti-1, ¥, )AL

Moreover, unlike the orthogonality condition vector defined in the literature [8, 10, 42], the definition of the block
vector of orthogonality condition (3.7) is based on the discretization scheme [21] associated with nonlinear and non-
stationary continuous-time stochastic system of differential equations (3.1) and (3.2) and the ItA”-Doob stochastic

differential calculus [21, 24].

Example 1:
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For V(t,y) in (3.2) is defined by V(t,y) = ||y||” Z [y/|P. In this case, we have

j=1

( 0 At+pZIy’I” Lsgn()or e y)AW!. (3.8)

j=1

Z /P sgn(v) £t ) + =51 2o (t, )

j=1

Hence, the discretized form of (3.8) is given by

(p-1) - j
Zly, P sgn(y] D f(ticyl ) + i p Sy P oty ) At+pZ|y, W sgn(v] Yotz vl AW,
J= j=1
(3.9
In this special case, (3.6) reduces to
Ay; = E[AY@)|Fiai] + ot y, )AW,, i€ I;(N)
(3.10)

A(i] ! |P) E [A(il |y{|P) I
J= J=

n R ) . ‘
0 2 L sgnOi o, vy AW,
-

Example 2:
We consider a multivariate AR(1) model as another example to exhibit the parameter and state estimation problem.

The AR(1) model is of the following type
X, =a,_1x;_1 +0;_16;, x(0)=xy, for t=0,1,2,...,t,...,N, (3.11)

where x;,xo € R", e, € R™ is F, measurable normalized discrete-time Gaussian process; a;_; and o,_; are n X n and
n X m discrete-time varying matrix functions, respectively. Here

E [x/|F-1] ;- 1X1-1
= . (3.12)

E [xzxtT|£—l] a1 X1 (@1x) + o (o)’

In this case, the block orthogonality condition vector [10] is based on multivariate stochastic system of difference

equation and difference calculus for (3.11) and (3.12):

Xt — A1 Xt
H([l'*l’xtvxtflvat*19o-t*1) = (313)

AV(x;) = LV(t, x;-1)At
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where A and L are difference and L operators with respect to V = xx” for x € R”, and are defined by

AV(x,) = V(x,) = V(x,_1), for t=1,2,.t,.., N
(3.14)

LV(t,x-1) = a1 -1 (2 + @) x1)" + 0',_10'tT_1,
and differential of V with respect to multivariate difference system (3.11) parallel to continuous-time version (3.2) is

as:

AV(x) = ai-1x,1 (2 + a_)x-) + 0',,10'1T_1 +2(1 + at—lxt—l)(o't—let)T (3.15)

From the above discussion, it is obvious that the orthogonality condition parameter vector in (3.13) is constructed

with respect to multivariate stochastic system of difference equations and elementary difference calculus.

Remark 3.2. From the transformation of system of stochastic differential equations (3.2) in Sub-section 3.1, the con-
struction of Euler-type Discretization Scheme for (3.1) and (3.2) in Sub-section 3.2, the Formation of Generalized
Moment Equations from (3.4) in Sub-section 3.3 and the Basis for Local Lagged Adaptive Discrete-time Expec-
tation Process in Sub-section 3.4 are in the frame-work of correct mathematical reasoning, logical and intercon-
nected/interactive within the context of the continuous-time dynamic system (3.1). Moreover, a continuous-time state
dynamic process (described by systems of stochastic differential equations (3.1)) moves forward in time. The theoret-
ical parameter estimation procedure in this section adapts to and incorporates the continuous-time changes in the state
and parameters of the system and moves into a discrete-time theoretical numerical schemes in (3.4) as a model valida-
tion of (3.1). It further successively moves in the local moment equations within the context of local lagged adaptive,
local discrete-time statistic and computational processes in a natural, systematic and coherent manner. On the other
hand, the existing OCBGMM approach is ”single-shot with a global approach” and it is highly dependent on the
second component of the OCBGMM, that is, the "usage of either Euler-type discretization scheme or a discrete-time
econometric specification regarding the stochastic differential equation”. We refer to OCBGMM as the single-shot or

global approach with formation of a single moment equation in a quadratic form.

In the following, we state a result that exhibits the existence of solution of system of non linear algebraic equations.

For ease of reference, we shall state the Implicit function theorem without proof.

Theorem 3.1. Implicit Function Theorem[2] Let F = {F\, F5, ..., F;} be a vector-valued function defined on an open
set S € R with values in R4. Suppose F € C' on S. Let (uy;vy) be a point in S for which F(ug;vo) = 0 and for

which the q X q determinant det [D iFi(uo; vo)] # 0. Then there exists a k— dimensional open set T containing v
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and unique vector-valued function g, defined on Ty and having values in R4, such that g € C' on Ty, g(vo) = ug, and

F(g);v) = 0foreveryv e T.

3.5. Hllustration 1: Dynamic Model for Energy Commodity Price

We consider the stochastic dynamic model of energy commodities [30] described by the following nonlinear

stochastic differential equation

dy = a()y(u(r) — y)dt + o(t, y)ydW(t), yi, = o, (3.16)

where y,(0) = y(t+6); 0 € [-7,0], u, a : [to, T]1 — R are continuous functions; the initial process ¢, = {y(fo +0)}ae[-.0]
is F,-measurable and independent of {W(¢),r € [0,T]}; W(¢) is a standard Wiener process defined in (3.1); o :
[0,T] x C — R* is a Lipschitz continuous and bounded functional; C is the Banach space of continuous functions
defined on [—7,0] into R equipped with the supremum norm.

The solution y(¢) of (3.16) satisfy

)’(l)—y(lo)=fa(S)y(S)(ﬂ(S)—y(S))dS+fO'(S,ys)y(s)dW(S),

fo Iy

and

E [y(®) = y(to)|Fs<t] = f a(s)y(s)(u(s) — y(s))ds.

to
Transformation of Stochastic Differential Equation (3.16): We pick a Lyapunov function V(z,y) = In(y) in (3.2)
for (3.16). Using Ito-differential formula [24], we have

1
d(In(y)) = [a(t)(#(t) -y - 502(1’ yo|dt + o (2, y)dW. (3.17)

The Euler-type Discretization Schemes for (3.16) and (3.17): By setting At; = t; — ti-1, Ay; = y; — yi—1, the

combined Euler discretized scheme for (3.16) and (3.17) is

Ay; ai—1Yi-1(iz1 = Yi-)AL + o (tiz1, Y Yict AW (), iy = @05

A(nG)) = (a1 = yi) = 30215, )| At + 0k, 3, JAW(@), yi, = 9.

(3.18)
where ¢, = {yi}?: . is a given finite sequence of #¢— measurable random variables, and it is independent of {AW(f; }fi o
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Generalized Moment Equations: Applying conditional expectation to (3.18) with respect to 7, , = Fi_1, we

obtain

E [AyilFi-1] = ai1Yi-1(fi-1 — yi-)AL
E [A (In(y)) IFi-1] = [a1Guio = yio) = 302y At (3.19)
E [(A(n() = E[A(nG) [Fia )’ [Fia | = 02ty )AL

Basis for Lagged Adaptive Discrete-time Expectation Process: From (3.19), (3.18) reduces to

Ay;

A(In(y))

E[AyilFio1] + o(ti1, yi )yis1 AW (@)
E[A (In(y) Fi1] + o(tiz1, y:, VAW ().

(3.20)

(3.20) provides the basis for the development of the concept of lagged adaptive expectation process [33] with

respect to continuous time stochastic dynamic systems (3.16) and (3.17).

Remark 3.3. (Orthogonality Condition Vector for (3.16) and (3.17)
Following Remark 3.1 and using (3.18), (3.19) and (3.20), we further remark that the orthogonality condition

vector [10] with respect to continuous-time stochastic dynamic model (3.16) is represented by:

Ay(t;) — a(ti—)y(tiz)(u(tizr) — y(ti-1)A,
H(ti1, y(@), y(ti-1)) = Aln(y(1;)) — LIn(y(ti1), y;,_, )At; (3.21)

(A1) = LIn(y(ti-1), Y1 )AL = 0 (tim1, y1, AL

where LIn(y(ti-1), y;, )At; = (a(t;,l)(u(t[,l) —y(ti-1)) — %o-z(t,-,l, Vi, )) At;. Moreover, unlike the orthogonality con-
dition vector defined in the literature [8, 10, 38], this orthogonality condition vector is based on the discretization
scheme (3.18) associated with nonlinear continuous-time stochastic differential equations (3.16) and (3.17) and the

Ito-Doob stochastic differential calculus [21, 24]

Local Observation System of Algebraic Equations: For k € Iy(N), applying the lagged adaptive expectation
process [33], from Definitions 2.3 — 2.7, and using the discretized form of (2.8) and (3.20), we formulate a local

observation/measurement process at #; as a algebraic functions of my-local functions of restriction of the overall finite

N

i=—r

sample sequence {y;} to a subpartition Py in Definition 2.2. Let a,_, u,,, be estimates of a, and y,, respectively, at
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each time . We have

k—1
mLk Z E[Aylu(tt—l] = atk*[”ﬂ;—kz Z yll_mlk Z yl I]At’

i=k—my i=k—my i=k—my

k-1
Y E[(AdnG0) - E[A UG IF-1]) 1Fi]

i=k—my,

k-1
LY E[AMO) Tl = a [u,k*—,,,% 5 yi_l]Az—#‘

i=k—mk i=k—, —my

m:At Z E[(A(ln(y,)) E [A (In(y;)) [F5-1])? |7—”,-_1] if my, is small
A2 i=k —mk

O-mk,k
(m—mkz E[(A(n(v) = E [A (An@i) [Fia])* [Fia | if my s large.

(3.22)
From the third equation in (3.22), it follows that the average volatility square OA_ank,k is given by
2
N sm,,k
ok = A (3.23)

where slznk . is the local sample variance statistics for volatility at #; in the context of x(¢;) = A (In(y;)). We define

iz:"] E[AyilFi1 ] Higy »:;Z:‘,] Yi-1 ;Z:‘,l i
Fi(E[AyilFiaa ], E[A(ny)IFi1]5 a. py,) = o —ay, e~ | A
|kl |kl 2
Fy (E[AyilFia | E[AMny)IFict]s age o pt) = 5 kZ E[A(ny)IFi-1] = ag, |ty = 5 kZ yi-1|Af + k
1=K—my, I=K—my,
(3.24)
Then we have
Fi (E[AyilFit ], E[A(ny)IFii ] s a. i) = 0,
1 (E[ 1LE[ 115 a1y, (3.25)

Fy (E[AyilFia ], E[A(ny)IFi1 ] ag, o pt,.) = 0.

Let F = {F, F»}. The determinant of the Jacobian matrix of F is given by

(AD? = —a,, var(y(ti1)5),, AD* # 0, (3.26)

k-1 2
JF (g ) = ——[ Z Vi - —( >, y,-_l]

i=k—my i=k—my

provided that a # 0 or the sequence {x(ti,l)}f\i _,+1 1s neither zero nor a constant sequence. This fulfils the hypothesis
of Theorem 3.1.

Thus, by the application of Theorem 3.1 (Implicit Function Theorem), we conclude that for every non-constant
my-local sequence {x(t,')}f“:‘klfmk, there exists a unique solution of system of algebraic equations (3.25), dy, x and fin,
as a point estimates of @ and y, respectively.

We also note that the estimated values dy,, x = ay,,, fm,k = My, of a and p, respectively, change at each time #;. For

instance, at time #y = 0 and the given #_; measurable discrete-time process y—_,.+1, y—r+2, ---» -1, (3.22) reduces to
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0
1 —
%Z A)’z = amgO[ Z yll_m_o'z y, 1:|
i=—my i=—myg i=—myg
O '7
1 A ~ Sin
i X ANY) = g0 |Ameo — Z Yiet | At = 252
i=—my i=—my
2
) _ Smgo
G o0 = A

The initial solution of algebraic equations (3.27) at time #; is given by

.\'2
[‘ > A(lny,->+’”T°'°][,J0 X i ] L3 Ay

"0 i=Zmg i=-mq i==mo

amo,o = 2
mo[ 2 >,1 0[ 2 yi- ”

1 im0 dmg.,0

moAr - 2 Allnyi)+ 221 + m(:) [ % yi- ]
A _ i=—mg i=—m
Hmo0 = gy 0

2

s
) _ mg.0
O-m(),() - AV

Attime f; = 1 and the given ¥, measurable discrete-time process y_,, y_r+1, ---, -1, Yo, We have

L0 A';’“”IJ L0 L0
wr X Adnyp+—== o 3 i fnr X Ay
2 _ i=i-m; i=i—m; i=i-m
ml,l . 0 5 . 0 2
ar| X ViaTap| X vier] |Ar
i=iom i=i-m;
2
0 F a 0
| mpd Amy
R 12 Alny)+ 5=+ "‘]l 12 Yi-1
A~ _ i=l-m) i=1-my
Hm1 = Gy 1
5
A2 o Swa
Oma = Tarc

(3.27)

(3.28)

(3.29)

Repeating the above procedure, from (3.22) and applying the principle of mathematical induction [23], we have

. k=1
I Z A(ln y)+ 4= '”" L Z y: “mp 2 Ay
R B k e k " i=k—my
Ay k - k= ’
! 1
mk[ Z yl 1 ’"k( Z Yi-1 ] At
e k=1
e L Sk Ak !
Hm ke = iy ’
2 gk
A = £
O-mk,k - At *

Remark 3.4. We note that without loss in generality, the discrete-time data set {y_,;

(3.30)

11 € Ii(r— 1)} is assumed to

be close to the true values of the solution process of the continuous-time dynamic process. In fact, this assumption is

feasible in view of the uniqueness and continuous dependence of solution process of stochastic functional or ordinary

differential equation with respect to the initial data [24].

Remark 3.5. If the sample {y,}l fem1

k-1
and sik . = 0, that f,, , — % >, yi-1. Hence, it follows from (3.22) that gy, x = 0.

i=k—mk
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Remark 3.6. As we stated before, estimated parameters a, u, and o> depend upon the time at which data point is
drawn. This is what we expected because of the fact that nonlinearity of the dynamic model together with environ-
mental stochastic perturbations generate non stationary solution process. Using this locally estimated parameters of
the continuous-time dynamic system, we can find the average of these local parameters over the entire size of data set

as follows:

QI
I
z|—
M=
8
S

(3.31)

I
1l
Z|—-
IM=
=
B

S|
5]

I
z|—
M=
S

S}

a, j1, and o2 are referred to as aggregated parameter estimates of a, u, and o over the given entire finite interval of

time, respectively.

Remark 3.7. The “discrete-time interconnected dynamic model for statistic process” (DTIDMLSMVSP) (Lemma
2.1) and its transformation of data are utilized in (3.22), (3.23), (3.24), (3.30), and (3.31) for updating statistic coeffi-
cients of equations in (3.19). This indeed accelerates the computation process. Furthermore, DTIDMLSMVSP plays

a very significant role in the local discretization and model validation errors.

3.6. Illustration 2: Dynamic Model for U.S. Treasury Bill Interest Rate and the U.S.-U.K. Foreign Exchange Rate
We also apply the above presented scheme for estimating parameters of a continuous-time model for U.S. Treasury

Bill Interest Rate [43] and U.S.-U.K. Foreign Exchange Rate [44] processes. By employing dynamic modeling process

[23, 24], a continuous time dynamic model of interest rate process under random environmental perturbations can be

described by

dy = (By + wy’)dt + oy’ dW (1), y(to) = Yo, (3.32)

where B, i, 6, o, y € R; ¥(¢, 1o, yo) is adapted, non-anticipating solution process with respect to #; the initial process
Yo is F,-measurable and independent of {W(¥),t € [to, T]} ; W(¢) is a standard Wiener process defined on a filtered
probability space (Q, F, (F )0, P).

Transformation of Stochastic Differential Equation (3.32): For (3.32), we consider the Lyapunov functions
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Vi(t,y) = 3¥*, and Vo(t,y) = 1y* as in (3.2). The Ito differentials of V;, for i = 1,2, are given by

dv,

[y(ﬁy +1y°) + %0.2))27] dt + oyrlaw (3.33)

dv, [yz(ﬂy + %) + 0'2y27+1] dt + oy"2dw.

The Euler-type Numerical Schemes for (3.32) and (3.33): Following the approach in Section 3 and illustration

3.5, the Euler discretized scheme (At = 1) for (3.32) is defined by

Ay; = Byio1 + Wy ) + oyl AW()

SAGY) = yiaByio + ) + 3B + oyl AW (3.34)
2y+1 2

A0 = By )+ T+ oy AW,

Generalized Moment Equations: Applying conditional expectation to (3.34) with respect to ¥;_;, we obtain

E[AyilFi-1] = By + Wy,
SE[AGDIF ] = By, + i + 507
SE[AGDIF] = Bt oi (3.35)

E[(Ayi - E[AyiFa )’ 1Fia| = oY,
1B |(807) - E[a0)]] | = o

Basis for Lagged Adaptive Discrete-time Expectation Process: From (3.35), (3.34) reduces to

Ay; = E[AyilFir] + oy [ AW(®)
10D = JE[AGHIFL] + o] AW, (3:36)
IAGH = AE[AGHIF]| + oy T AW

Remark 3.8. Orthogonality Condition Vector for (3.32) and (3.33): Again, imitating Remarks 3.1, 3.2 and 3.3
and in the context of (3.32), (3.33), (3.34), (3.35) and (3.36), the orthogonality condition vector [10] with respect to

continuous-time stochastic dynamic model (3.32) is as:

Ay(;) = (By(tior) + uy* (ti-1)Ay;
SAGA(1) = LGP (1))
H(tioy, y(t:), y(ti-1) = LAGA () = Lo o)A (3.37)
(AV(E) = By(tio) + Pt ))AL) = o o)A,
(BAG(1) = LOMa- DALY = o322 )As
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where L2 (t-))AL = (y(ti-1) (By(tio1) + wy®(ti-1)) + 02y (1i-1)) At; and
LOAti))AL = (yz(t,-_l) (ﬁy(t,-_l) + ,uy‘s(t,-_l)) + o2yl (t,-_l)) At;. Moreover, unlike the orthogonality condition vector
defined in the literature [8, 10, 38], this orthogonality condition vector is based on the discretization scheme (3.34)

associated with nonlinear continuous-time stochastic differential equations (3.32) and (3.33).

Local Observation System of Algebraic Equations: Following the argument used in (3.22), for k € IH(N),
applying the lagged adaptive expectation process [33], from Definitions 2.3 — 2.7, and using (2.8) and (3.35), we
formulate a local observation/measurement process at ;. as a algebraic functions of my-local functions of restriction

of the overall finite sample sequence {yi}f\; _, to subpartition Py in Definition 2.2:

kol i:l§71 Jirt i:kzjm o
o kZ E [Ayi|Fi-i1] = P tH—
I=K—my
k-1 2 ;Z::I Yic .:lg ¥
a3 [B[A0HIF |- El@y - ElanFi ) ] = 87 &
i=k—ny
R 2y+1 .E Vi ,:g it 338
w2 [$E[A0DIT] - ey = Pt (3.38)
i=k—my,
k-1
1 k-l 2 2 i:kz:‘m . y?:’]
w2 E[@y - E[AniFi ) 7] = o
1=k—my
k-1
LK 2 NIY zf:guk'?’yrz
w2 E|(80D - E[a0))]) 17 - g
I=K—my,

Following the approach discussed in Section 3.5, the solution of o,  is given by

1/2
Sk
Ok = | ————— (3.39)
1 k2l Zymk,k
w2 Yio
i=k—my
and y,,, « satisfies the following nonlinear algebraic equation
- 2 | sl 2
2 Yy kF ) Yk
Sk Yisy - 4Smk,k Z Yiq =0, (3.40)
i=k—my i=k—my,

where sﬁ%k, and S’anyk denotes the local moving variance of Ay; and A(y?) respectively.

To solve for the parameters 3, u and , we define the conditional moment functions

Fj = Fj(E[AyiFia | E[AO)Fia | E[AG)IF]), j=1,2,3
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as

1 k-1 i:/;g; il i::rlu y?’l
Fy = - X E[AilFia]-p—— —1—,
i:k—mk
k-1 k=1 N
1 2 o Y s S 3.41
Fr = 5= 2 [E[AGDIF-1 | - E[(Ayi — E[AviFi [P 15 || - B — (34D
ik k-1 k=l
1 k=1 1 3 2 2y+l1 i:k;mkyi}_l i:]g”k,V?ff'
F3 = m_,‘ i—kz:m [g]E [A(yt)lﬁ_ ] g yl 1 ] ﬁ my —H my
=K—hmg
Using (3.38), we have
Fr =0
F, = 0 (3.42)
F; = 0
Let F = {F|, F», F3}. The determinant of the Jacobian matrix of F is given by
k- k=l k-1 s
Z Yi-1 2 YVic1 Z (hlyifl)y,'_]
i=k—my, i=k—my, i= k mk
k-1 k-1
I = ~tdea| S 2 S S vt |20 (3.43)
M i=k—my i=k—my i= k mk
Ky K s 5+2
yi—l Z yi—l Z (lnyt l)y
i=k—my i=k—my i=k—my

provided 6 # 1 and the sequence {y(#;— DY is neither zero nor a constant sequence. Thus, by the application of

1km

Theorem 3.1 (Implicit Function Theorem), we conclude that for every non-constant my-local sequence {y (t,)}l ey
0 # 1, there exist a solution of system of algebraic equations (3.42) ﬁmk’k, om k=1, Smk,k as a point estimates of 8 and w,
and 0 respectively.

The solution of equation (3.42) is given by

-1 k-1 -1
e kZ &y X y,-z,l—%{,,%k Z AGH- smkk} S Vit
N B il ik o
MHm k= ok & =]
,,,k Z Yici Z LD Y 2 Viel
i=k—my, i= k—mk i=k—my, i=k—my, (344)
K
5 Ay~ z y’”k
A _ i=k—my
ﬁmk,k = k=1 s
2 Viel
i=k—my,
where 6,,, ; satisfies the third equation in (3.38) described by
k=l ko
.
1 k-1 k-1 2 | ) kz Vi ) kZ YViq
m k ’ym kT I=K—my I1=K—my
o Z ek B —u =0 (3.45)
My i=k—my i=k—my My My
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We further note that the parameters of continuous-time dynamic process described by(3.32) are time-varying
functions. This justifies the modifications/correctness needed for the development of continuous-time models of

dynamic processes.

Remark 3.9. The presented Illustrations exhibit the important features described in Remark 3.2 of the theoretical
parameter estimation procedure. The illustrations further clearly differentiate the Ito-Doob differential formula [24]
based formation of orthogonality condition vectors in Remarks 3.3 and 3.8 and the algebraic manipulation and dis-

cretized scheme using the econometric specification based orthogonality condition vectors in [9, 11, 17].

Remark 3.10. The “discrete-time interconnected dynamic model for statistic process” (DTIDMLSMVSP) (Lemma
2.1) and its transformation of data are utilized in (3.38), (3.39), (3.40), (3.44) and (3.45) for updating statistic coeffi-
cient of equations in (3.35). This indeed accelerates the computation process. Furthermore, DTIDMLSMVSP plays a

very significant role in the local discretization and model validation errors.

4. Computational Algorithm

In this section, we outline computational, data organizational and simulation schemes. We introduce the ideas
of iterative data process and data simulation process time schedules in relation with the real time data observa-
tion/collection schedule. For the computational estimation of continuous time stochastic dynamic system state and
parameters, it is essential to determine an admissible set of local conditional sample average and sample variance,
in particular, the size of local conditional sample in the context of a partition of time interval [—7, T]. Moreover, the
discrete time dynamic model of conditional sample mean and sample variance statistic processes in Section 2 and the
theoretical parameter estimation scheme in Section 3 coupled with the lagged adaptive expectation process motivate
to outline a computational scheme in a systematic and coherent manner. A brief conceptual computational scheme

and simulation process summary is described below:

4.1. Coordination of data observation, Iterative process, and Simulation schedules:

Without loss of generality, we assume that the real data observation/collection partition schedule P is defined in

(2.2). Now, we present definitions of iterative process and simulation time schedules.

Definition 4.1. The iterative process time schedule in relation with the real data collection schedule is defined by

IP ={F7"t;: for t; € P}, 4.1

where F~'t; = t;_,, and F~" is a forward shift operator [6].
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The simulation time is based on the order p of the time series model of my-local conditional sample mean and

variance processes in Lemma 2.1 in Section 2.

Definition 4.2. The simulation process time schedule in relation with the real data observation schedule is defined by

{F't;: for t;e P}, if p<r
SP= “4.2)

{FPt; . for t;e P}, if p>r.
Remark 4.1. We note that the initial times of iterative and simulation processes are equal to the real data times z,
and 1, respectively. Moreover, iterative and simulation process time in (4.1) and (4.2), respectively, justify Remark
3.4. In short, ¢; is the scheduled time clock for the collection of the ith observation of the state of the system under

investigation. The iterative process and simulation process times are #;, and #;,,, respectively.

4.2. Conceptual Computational Parameter Estimation Scheme

For the conceptual computational dynamic system parameter estimation, we need to introduce a few concepts of
local admissible sample/data observation size, my-local admissible conditional finite sequence at #; € S P, local finite

sequence of parameter estimates at #;.

Definition 4.3. For each k € Ij(N), we define local admissible sample/data observation size my at #; as my; € OSy,

where

L(r+k-1), ifp<r,
OSy = 4.3)

L(p+k-1), ifp>r,

Moreover, OS is referred as the local admissible set of lagged sample/data observation size at #.

Definition 4.4. For each admissible m; € OS in Definition 4.3, a my-local admissible lagged-adapted finite restric-
tion sequence of conditional sample/data observation at #; to subpartition P, of P in Definition 2.3 is defined by
{E[yilﬁ_l]}f:‘klfmk. Moreover, a my- class of admissible lagged-adapted finite sequences of conditional sample/data

observation of size my at f; is defined by
ASk = UEIFia V2L, 0 me € OSi} = UEDIF 1 12, Imicos, - (4.4)

Without loss of generality, in the case of energy commodity model, for each m; € OSy, we find corresponding
my- local admissible adapted finite sequence of conditional sample/data observation at ., {E[yi|Fi11}*)! Us-

i:k—mk :

ing this sequence and (3.30), we compute &, k, fim,, and é’ik‘k. This leads to a local admissible finite sequence
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r+k-1

. . N A A2 _ A ~ AD
of parameter estimates at #; defined on OS as follows: {(amk,k,,umkyk, O'mk’k)} = {(@m k> ,u,,,k,k,o'mk’k)}mk62 or

myeOS

~ N ) p+k—1 .
{@u s fimts 67, ez - It is denoted by

(A M, SO = { @ i O 1) 4.5)

mkEOSk

4.3. Conceptual Computation of State Simulation Scheme

For the development of a conceptual computational scheme, we need to employ the method of induction. The
presented simulation scheme is based on the idea of lagged adaptive expectation process [33]. An autocorrelation
function (ACF) analysis [6, 8] performed on Srznk,k suggests that the discrete time interconnected dynamic model of

local conditional sample mean and sample variance statistic in (2.8) is of order p = 2. In view of this, we need to

2

identify the initial data. We begin with a given initial data y,,, {52 Jm_,e0s_,» and (S i Ym_ 05 _; -

mwo}moeoso’{fiih_l

Let y;u{ . be a simulated value of E[y;|¥;-1] at time # corresponding to a local admissible lagged-adapted finite

sequences of conditional sample/data observation of size my at f; {E[yi|7"i,1]}f.‘:‘,}_mk € ASy in (4.4). This simulated

value is derived from the discretized Euler scheme (3.18) by
Yok = Yy st T Qi kot Gon et = Yo etV ket AL+ Ty k1 Vi k1 AW (4.6)
Let
Vi Imecos, 4.7)

be a my- local admissible sequence of simulated values corresponding to my-class AS; of local admissible lagged-

adapted finite sequences of conditional sample/data observation of size my at f;, in (4.4).

4.4. Mean-Square Sub-Optimal Procedure

To find the best estimate of E[y;|¥—1] at time #; from a my; -local admissible finite sequence {yfnk oJmieos, of a

simulated value of {IE[y;|7;-1]}, we need to compute a local admissible finite sequence of quadratic mean square error

S

corresponding to {ymk,k

Jmeeos, - The quadratic mean square error is defined below.

Definition 4.5. The quadratic mean square error of E[y;|F-;] relative to each member of the term of local admissible

sequence {yfnk Jmieos, of simulated values is defined by

2
By, = (B Fer] = 35,) - (4.8)
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For any arbitrary small positive number € and for each time #, to find the best estimate from the m-local admissible

S

sequence {y,

Jmecos, of simulated values, we determine the following e-sub-optimal admissible subset of set of

my-size local admissible lagged sample size my at #; (OS) as:
M = {my : By iy, < € for my € OS}. 4.9

There are three different cases that determine the e-best sub-optimal sample size 7z, at time #.
Case 1: If my € M; gives the minimum, then my is recorded as 7.
Case 2: If more than one value of m; € M, then the largest of such m;’s is recorded as .
Case 3: If condition (4.9) is not met at time ¢, (that is, M, = 0), then the value of m; where the minimum

min &, i, is attained, is recorded as 7z, The e— best sub-optimal estimates of the parameters @y, k, fim, x and &ik . at
my s

2

ok respectively.

the e-best sub-optimal sample size 77y are also recorded as a, i, fi, x and o

Finally, the simulated value yfnk!k at time #; with 771, is now recorded as the e-best sub-optimal state estimate for
E[yk|Fr-1] at time #;. This e-best sub-optimal simulated value of E[y;|F-1] at time #; is denoted by yfhk’k. Similar
reasoning can be provided for the estimates of the parameters of the U.S. Treasury Bill Yield Interest Rate and U.S.-

U.K. Foreign Exchange Rate model.

Remark 4.2. In additions to comparative statements in Sections 2 together with Remarks 3.1, 3.2, 3.3, 3.7, 3.8, 3.9,
and 3.10, we further augment a few more Conceptual Computational Comparison between the LLGMM and the

existing OCBGMM as follows.

a: The LLGMM approach is focused on parameter and state estimation problems at each data collection/observation
time #; using the local lagged adaptive expectation process. In fact, LLGMM is discrete-time dynamic process.
On the other hand, the OCBGMM is centered on the state and parameter estimates using the entire data that is
to the left of the final data collection time T = T. Implied weakness in forecasting, as seen in the next section,

is explicitly shown with the OCBGMM approach and the ensuing results.

b: We note that Remark 3.2 exhibits the interactions/interdependence between the first three components of LL-
GMM,”(1) development of the stochastic model for continuous-time dynamic process, (2) development of the
discrete-time interconnected dynamic model for statistic process, (3) utilization of the Euler-type discretized
scheme for nonlinear and non-stationary system of stochastic differential equations” and their interactions. On

the other hand, the OCBGMM is partially connected.

c: From the development of the computational algorithm section, We remark that the interdependence/ intercon-
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nectedness of the four remaining components of the LLGMM, ”(4) employing lagged adaptive expectation
process for developing generalized method of moment equations, (5) introducing conceptual computational pa-
rameter estimation problem, (6) formulating conceptual computational state estimation scheme and (7) defining
conditional mean square e-sub optimal procedure” is clearly illustrated. Moreover, the above stated components
as well as data are directly connected with the original continuous-time SDE. On the other hand, the OCBGMM
is composed of single size, single sequence, single estimates, single simulated value and single error. Hence,
the OCBGMM is the “single shot approach”. Moreover, the OCBGMM is highly dependent on its second

component rather than the first component. See, Section 3.

d: The LLGMM is a discrete-time dynamic system composed of seven interactive interdependent components. On

the other hand, the OCBGMM is static dynamic process of five almost isolated components.

e: Furthermore, the LLGMM is a “two scale hierarchic” quadratic mean-square optimization process”, but the

optimization process of OCBGMM is single-shot”

f: Moreover, the LLGMM performs in discrete-time but operates like the original continuous-time dynamic pro-

cess. The performance of the LLGMM approach is more superior than OCBGMM and IRGMM approaches.

g: The LLGMM does not require a large size data set. In addition, as k increases, it generates a larger size of
lagged adapted data set thereby further stabilizing the state and parameter estimation procedure with finite size

data set, on the other hand the OCBGMM does not have this flexibility.

h: In fact, the local adaptive process component of LLGMM generates conceptual finite chain of discrete-time
admissible sets/sub-data. See "Flowchart-1: LLGMM Conceptual Computational Algorithm”. The OCBGMM

does not possess this feature.

i: Item (h) indeed generates a finite computational chain that is described by “Flowchart-2: LLGMM Simulation

Algorithm”. The OCBGMM does not possess this feature.

Remark 4.3. We note that the choice of p = 2 was determined based on the statistical procedure known as the

Autocorrelation Function Analysis [6, 8].

A detailed flowchart of the conceptual algorithm is as follows:
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my- local admissible my-local Simulated
For each admissible adapted finite sequence parameter estimate Estimate
my € OSy att; {ElyilFi V5L o (amk,ka/&mk,k,é—ﬁlk’k) for Ey[Fi-1]
of size my, at f, at t atfisy, .
T - - e-suboptimal
Test for e-sub optimality | yes | For My # 0 e-suboptimal 771 yes
estimate y;, o
. P _ = ,
of estimate Yok me € My y = mrknlAI/l[k ke
for E[ye|Fi-1]
For M # ( and Choose the
no
OS i — My, Delete not unique | Jargest
no For M;, =0

Flowchart 1: LLGMM Conceptual Computational Algorithm.

Moreover, a detailed simulation algorithm is presented in Appendix D

APPENDIX
Appendix A. Proof
Proof of Lemma 2.1 for small my, mi_; < my,
Proor.
_ 1 &
Smk = — Flxi
UL i=1—-my
1 —1—my_ -1
= —[ Z Fixi_q + Z F'xp—g +F0xk—1]
M i=1—my I=—my_|
m 1=my—
= n];lSmklk1+— ZF’xk]—Fl'"“xk]—Fm"‘xk|+ka1
k i=1—-my

0
s,%%k = mikl Z (Fixklz—ik[ Z fok 1]

i=—my+1 J=—m+1
| [ ) -1 ) | 0 2
= — Z (lek—l) + Z (lek—l) + (Foxk_1)2 - —( Z ijk—l]
My i=—mi+1 i=—my_| m J=—mi+1
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-1 -1 2 -1 2
= L Z (Fi)Ck_l)z—L Z Fixk_l +# Z Fixk—l

My i=—my_y M1 i=—my_y ==y
2
0 —my_1+1
1 2 _ 2 _ 2 1 . . 2
+— (Foxk,l) - (F ’"k"xk,l) - (F mk,1+1xk71) - — Z lekfl + Z (lekfl)
my my \ . .
i=—my+1 i=—my+1
FO 2 F M1 2 Fmeit 1 2
Mmig-1 o Mi—1 59 G2 Xk-1 _( -xk—l) - Xie—1
= smklk—1+ Smklk—l_Smkk-’-
my - my - ’ my
*mk_1+1 . 2
2 (F IX/H)
i=—my+1
my
Hence,
2 2 2
2 = mag 4 Mo 52 _52 oy Fae) (et ) o(F )
mk T my Py k=1 my = my_y k=1 my.k my A
—myp_1+1 X 1
S (Flaa) (A.1)
i=—mp+1
my
Next, we find an expression connecting S ik o S fnrl 1 and sﬁwl - By definition and simplification,
252 2 ; ? 2 ; 2 0 1
mkSmkk = Z Fixe| = Z (lek—l) + Z F'xeo1 Fxpq
> i=—my+1 i=—my+1 Ls=—my+1
2 g2 0 lzis 2 1 2
— —my— —my—1 +
= (m-)s,, o TS, o+ FRxe)” = (F77 e )™ = (F7" 7 ) (A.2)
—my_1+1 . ) 0 .
+ Y (Fxu-1)"+ Y FxaF'xo
i=—my+1 Ls=—my+1
I#s
Substituting (A.2) into (A.1), we have
—my_y+1 . )
2 2 2 2 (Flxa
S N (a0 i G W AL PR Wl
mk my my Umy_p,k—1 my = my_p,k—1 my my
5 (A.3)
2 Fla 1 Foxey
Ls=—m+1
I#s
my(my—1)
Likewise, using equation (A.2),
2 G2 _ 2 G2 -1 2 —mya—1 2 — 2
My S k1 = Mu2)Sy o+ meaS, o+ (F )™ — (F72 7 xem)” — (F7 72 x-)
) -1
Fi 2 Fl FS
+ (F'xp-1)” + X1 F xp1.
i=—my_| Ls=—my_;
I#s
Also,
2 g2 _ 2 G2 -2 2 —my_3—2 2 —m3—1 2
M S st = Mp=3)Sy s +me3S, 3+ (F 7o) = (F77 o) = (F™7 7 xer)
*mk_3*1 -2
+ Z (lek,l)z + Z lek,lstk,l.
i=—my_p—1 I, s=—my_o—1
I#s
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. IR )
Continuing in this sense and substituting 52 T 2,...,p—1linto § s k1> WE have
P i+l 14 —it1-my_j 2
G2 _ my_ 2 mk My G2 (F™'x 1) (F ki x 1)
(mkfl)smk_lyk_l - Z oo Smk,,»,k—i + - Smk pok=p + Z i1 Z il
i=2 | TT my_; r[ My =2 [ myj i=2 [T my—;
J=1 J=1 Jj=1 J=1
=i+l
meg : 2 Flx Foxioy
(F'Xk-1) Ls==i+2—my_js1
P (F B2 |) l-—x+22mk i+l ' I#£s
Sy ) -
=2 n My j i=2 l_[ My j i=2 n My j
J=1 j=1

Finally, the result follows by substituting (A.4) into (A.3).

Appendix B. Proof

Proof of Lemma 2.1 for small my, m; < my_q,

Proor. Following the same steps, if my < my_p,

Appendix C. Proof

Proof of Lemma 2.1 for large my,

52 = ml Ep] e K + 52 + @, mp <m
my.k - my h i-1 My k—i p-1 mk,p,k—p My—1,k—1> k = k—1
i=1 [T my l—[ My
L j=0 -
—i+1 . N
—iHlomyjyy Flx 1 FSxp—y
P isl 2 P I (F'xi1)? p | bs=—it2=mcin
w, m=1 D (F ") -y =il +3 I#s
my_y k=1 e [ =] [
i=1 n My—j i=1 l_[ my—j i=1 l_l My—j
J=0 Jj=0 j=0
_L Z Flx Foxet,
l s=—my+1
I#s

2

Proor.
0 2
2
Smk = m—l Z kal -— Z Flxi
k i=—my+1 J=—mi+1
1
= xk_l) -— Z lek 1 + _— Z lek 1
my —1 . _m T .
==y ==y ==y
— M- 2 —my—1+1 2 1
+—m 1 (ka 1) —(F “xk_l) —(F k=15 X 1) - — kal
k My i=—my+1
1 —Wlk,1+1 2
+m 1 Z lek—]
k i=—mk+1
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me_ =1, my_q

0 2 —M—| 2 —my—1+1 2
. Mo Foxger) —(F7" ' xe)” = (F Xk-1
= s _ — _ — +
my — 1 My-1.k=1 my — 1 Mmi-1.k=1 my — 1 ik my — 1
—my_1+1 . 2
Y (Flxi)
i=—my+1
my — 1
Hence,
2 — M 2 —my,. 2
52 m1—1 52 + M=t §2 M §2 4 (FOx1) —(F" Vo) = (F "1 )
mk me—1 “my_y k-1 m—1" my_y k-1 m—1" my.k my—1 Ci
—my_p+1 .
% (F'Xk—l)z (C.1)
i=—mp+1
mk—l
Next, we find an expression connecting §2 ., §2 and s2 . By definition and simplification,
my,k> ™~ my—1,k—1 my—1,k—1
252 2 ; ? 2 ; 2 J 1
mS, . = | X Fxa| = X (lek—l) + X FxaFxa
i=—my+1 i=—myi+1 Lis=—my+1
2 52 0 fy 2 2 1 2
— —M— —My-1+
= (mk—l - l)smk,l,k—l + mk_lSmk,l,k—l + (F -xk—l) - (F I ]xk—l) - (F Mt xk—l) (CZ)
—my_1+1 . 0
+ Y (Fue)+ Y FlgaFixo
i=—my+1 Lis=—my+1
I#s
Substituting (C.2) into (C.1), we have
—mg_+l 2
2 2 2 2 (Flx
2 _ ome-12 My G2 + (Foxm1) —(Fht g ) = (F "1 ) ':*mk“( )
sm,k - my my_1,k—1 my = my_p,k—1 my my c3
0
» Flo 1 FSxp ( . )
Ls=—my+1
I#s
my(my—1)
Likewise,
2 G2 _ 2 G2 -1 2 —my_p—1 2 —my._ 2
mi S w1 = = 1Ds, o +maS, o+ (F7 X)) = (F™7 o) = (F7" 2 x)
) -1
+ Z (F'xi)* + Z Flx 1 Fix,
i=—mk,1 l,S:*mk_|
I#s
2 g2 2 G2 ) 2 —my_3—2 2 —my_3—1 2
M oS k2 = Mz —1)s, 3 +me3S, s+ (F o)™ — (F7 7 xe)” — (F7 xger)
—mk_3—1 -2
i 2 ! s
+ (F )Ck,l) + Fxi 1 Fxiq.
i=—my_p—1 Ls=—my_»
I#s
Continuing in this sense and substituting S meik—i>1 = 2,...,p—11nto S me1.k—1, W€ have
)4 )4 —i+1 2 p —itlomy_; 2
G2 _ mi=1 | 2 mep G2 (F ") (Fmeine )
(mk’l)Smk,l,k—l - Z i-lk : Smk,,',k—i + p-1 - Smkf,,,k—p + 2 i-1 - 2 il
i=2 | TT my—; My j =2 []myj i=2 [T my—;
J=1 =l =1 =l
—i+1
—i+2-my_; . F’xk,l Fx.xkq (C.4)
) Fixe—y Ls=—i+2—my_i41
' (F7'+27'"""'xk71)2 L R 4 I#s
- Z i1 + Z i1 + Z i1
i=2 1T my—j i=2 T my—; i=2 [T m;
j=1 Jj=1 Jj=1 ’
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Finally, the result follows by substituting (C.4) into (C.3). |

Appendix D. Algorithm and Flowchart For Simulation

The simulated estimate y, , for the energy commodity model follows the Euler scheme

S\ ~ ~ s s A s
ymA,k - ymk_l,k—l + amk_l,k—l(ﬂmk_l,k—l - ym/‘_],k—l)ymk_l,k—lAt + o-mk—l,kflymk_l,k—lAka,k' (Dl)

Algorithm 1 Simulation scheme

Given initials 7, €, {87, \Vmocosos 15, _hmcos 1+ ASh, | _hmicos i s 15, ohmocos,s
for k = 1to N do,
formy_y =2tor+k—2 do,
Compute dp,_, k-1 fmy_, k-15
formy_, =2tor+ k-3 do,
Compute Slznk—l k=17 §72ﬂk,k’y;1kvk’ Emk’k’y"
end for
end for
end for
if 5, 1y, < €then,
Save Ay, Ay_1, Mig_o
else
Find 77y, that minimizes E,,, .y, .
end if

2 s
Compute azy, i, i des Sy 1Y g k-

Similar algorithm can be generated for the interest rate model.

Remark Appendix D.1. We give the first iterate for the energy commodity model.
Given initials 7, €, (s, ohmycosos {5, _Imicos s {Sh, | _{hm ic0s s 15, oImocos,s
Compute a0, MUy 0-
For k=1:
Compute y‘;‘m,l using (D.1). If B, 1y, < €, save 71y, g, 1_y, else, find values of m; that minimizes Z,, 1y, .

2 K
Compute @ing,0, Hiing,0555, 1V, 1-

Next, we give a flowchart similar to the algorithm above.
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/ Inputr, € /

l

‘ Simulation time # € 1,(N) I o Isp<r?

Simulation time #;, € I,(N) ‘

o A2 A2 q2 S
Initials 5, 0. 8, >S5, 1 Yoo

s Qo flm s k € LN), mi € Dk + 7= 1)

yfnk k° Emk,la ke Ir(N),mk € IZ(k +7— 1)

Follow same process

. — no . . — A,
iS Epyy gy < €7 4{ chose my with min Z,,, ¢, as 7y

yes

save my, as iy

Yk

2
g es M > Oy g

Flowchart 2: LLGMM Simulation Algorithm.
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