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ABSTRACT

This paper is concerned with finding a combinatorial Schur expansion of the modified Macdonald
polynomials. We will use the Robinson—Schensted—Knuth (RSK) algorithm to obtain the result for
a limited set of partition shapes, and we will use Foata’s bijection to extend the result to conjugate
shapes. We will explore possibilities for modifying the RSK algorithm in such a way that it could

be applied to obtain the result for more general shapes.
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CHAPTER 1

INTRODUCTION

In algebraic combinatorics, we are concerned with the interplay between algebraic structures and
combinatorics, where the combinatorics often involve permutations and tableaux. This paper
focuses on proving a special case of Macdonald’s conjecture, which deals with the Schur function
expansion of the modified Macdonald polynomials. Macdonald’s conjecture predicts that the
coefficients in the Schur function expansion, which comes from the algebraic study of vector spaces
and their bases, are the combinatorial generating function for certain statistics on tableaux.

The vector space under consideration in relation to the modified Macdonald polynomials is A",
the set of symmetric polynomials that are homogeneous of degree n. This vector space has a
number of known bases, including the Schur polynomials s,,, the elementary symmetric
polynomials e,, the monomial symmetric polynomials m,, the Hall-Littlewood polynomials, the
Jack symmetric polynomials, and the zonal symmetrical polynomials [3]. Of particular interest is
the Schur basis, which has both algebraic and combinatorial definitions, and which features
prominently in the representation theory of the symmetric group [2].

The original Macdonald polynomials P, (X;q,t), for X = {x1,29,...} and certain values of
parameters ¢ and t, specialize to several of these bases [3]. For instance: P,(X;q,q) = s,
P,(X;1,t) =e,, and P,(X;q,1) = m,. However, the original Macdonald polynomials are defined
in a way that makes them difficult to interpret combinatorially, and this is the motivation behind
the modified Macdonald polynomials H,(X;q,t) (see [9]). The modified Macdonald polynomials
have a clear combinatorial definition, and can be transformed to the original Macdonald
polynomials P,(X;q,t) by an operation only involving the indeterminates ¢ and ¢ [3].
Furthermore, the modified Macdonald polynmials are a basis for the vector space A™(q,t), the
symmetric and degree-n-homogeneous subset of Q(q,t)[X], the ring of formal power series in
X ={z1,z2,...} with coefficients in the field Q(q,t) (see [8]).

As it turns out, the modified Macdonald polynomials are themselves symmetric in X and

homogeneous [8]; that is, H,(X;q,t) € A™. This implies that the modified Macdonald



polynomials have an expansion in the Schur polynomial basis. Macdonald’s conjecture [9] states
that the coefficient of the Schur polynomial sy in the Schur expansion of H u(X5q,t) is
DTesSYT(N) @D bu(D) | where SYT()) is a set of tableaux and @, and b, are statistics on
tableaux. Macdonald’s conjecture has been proven for particular cases of partition shape p,
including, for example, hook shapes and two-column shapes [3].

Loehr [7] has a proof for Macdonald’s conjecture when p is a vertical strip, and in Chapter 6 of
this paper we adapt Loehr’s method to prove the conjecture for horizontal strips. The horizontal
strip case was also recently proven by Assaf using a different method [1]. Essential to our proof
method is the bijection provided by the Robinson—Schensted—Knuth (RSK) algorithm, the
properties of which we define and prove in Chapter 4, and also Foata’s bijection, which is
explored in Chapter 5.

Discovering a proof of Macdonald’s conjecture for general u remains as a goal for further
research. In Chapter 7 we will examine certain approaches to this goal, including that of

designing new tableau statistics and designing a modified RSK algorithm.



CHAPTER 2

BACKGROUND

Permutations can be viewed as words composed of unique letters, or alternatively as bijections
mapping from a set to itself. They are an important building block of combinatorics and are
fundamental to the definitions of symmetric functions and the RSK algorithm. Certain
permutation statistics have useful properties in algebraic combinatorics. In particular, the
inversion statistic and the major index statistic will be used in our proofs of Macdonald’s

conjecture in Chapter 6.
2.1 Permutations

Definition 2.1. A word of length n is an n-tuple 7 = my7s ... m, where m,m,..., 7, € Z7. We

call each 7; a letter.

Definition 2.2. A permutation of length n is a bijection 7: {1,2,...,n} — {1,2,...,n}. A
permutation of length n may be expressed as a word of length n, w7y ... 7,, where 7(i) = 7;.

The set of all permutations of length n is denoted .S,,.

Example 2.3. The word 7 = 3241 is a permutation 7 € Sy where n(1) =3, 7(2) =2, 7(3) =4,

and 7(4) = 1.

Definition 2.4. An inversion in a word m = w72 ... 7y, is an ordered pair (m;,7;) such that i < j

and m; > ;. The inversion statistic of a word 7 is defined

inv(m) = |{(m, 75) : @ < j,m >}

In other words, inv(m) is the number of inversions in 7.

Example 2.5. In the permutation 235164, the inversions are (2,1), (3,1), (5,1), (5,4), and (6,4),
and inv(235164) = 5.

Definition 2.6. A descent of a word m = mymy...m, is an index i € {1,2,...,n — 1} such that

m; > mi+1. The notation Des(7) denotes the descent set of 7, that is, the set of all descents of .

3



Definition 2.7. For w € S, the inverse descent set IDes(w) is defined
IDes(w) = Des(w™1).

Remark 2.8. Note that, because x € Des(w™!) if and only if 2 appears later than x + 1 in w, an

equivalent expression for IDes(w) is
IDes(w) = {z : w(z) >w Hz+1)}.

Definition 2.9. The major index statistic of a word m is defined

1€Des(m)
In other words, maj(7) is the sum of the descents of 7.
Example 2.10. For m = 235164 € Sg, Des(7) = {3,5} and maj(n) =3+ 5 = 8.

The following definition and theorem concern the formula for the generating function of the

inversion statistic.

Definition 2.11. The notation [n], denotes 1 + ¢+ ¢ + --- 4+ ¢"~!. The notation [n],! denotes

[n]qln —1]4[n — 2], ... [1]4, and [0],! is considered to be [0],! = 1.

Theorem 2.12 ([6]). For any positive integer n,

Z qinv(w) = [n]q!.

wESn

Proof. We proceed by induction. For n = 1 we have S,, = {1}, and note that inv(1) = 0. So

Z qinv(w) — q() - 1= [1]q'

wESn

inv(w)

and the base case holds. Next, assume > o ¢ = [n — 1],! for some n. For any

ie€{1,2,...,n}, define S, ; = {w € S, : w; =n}. Note that S,, equals the disjoint union of

4



S’I’L,17 S’I’L,27 s 7Sn,n’ S0

Z qinv(w): Z qinv(w)+ Z qinv(w)+.._+ Z qinv(w).

w€ESh WESK,1 WESh,2 WESh,n

For each 7 there exists a bijection f;: S,,—1 — S, ; defined by inserting the label n in between ;
and ;1 of 7 € Sp—1. Therefore ) s, g = > €S, ) g™ (i(m)  Since f; preserves

inversions of the form (7, ) and adds n — ¢ inversions of the form (n, ) for any j < k, we have
inv(fi(r)) = inv(r) +n — 1,

and

Z qinv(w) _ Z qinv(fi(w)) _ Z qinv(w)qn—i _ qn—i[n _ 1]q|

wesn,i TESH -1 TESH_1

Therefore,

Z qinv(w): Z qinv(w)+ Z qinv(w)_‘_”__i_ Z qinv(w)

weSh wESn 1 WESn 2 WESn,n

=" =1+ "1+ " - 1],

= [n]g[n —1]¢!

= [n],!. O

2.2 Fillings and Tableaux

We extend the idea of permutations and words to two-dimensional arrays known as fillings.

Definition 2.13. A partition A of a positive integer n, denoted \ - n, is a weakly decreasing

sequence of positive integers (A1, Aa, ..., Ag) such that Ele A = n.
Example 2.14. The partitions of 4 are (4),(3,1),(2,2),(2,1,1), and (1,1,1,1).

Definition 2.15. A Ferrers diagram of a partition (A1, Ag,..., ;) F n is an arrangement of n
cells on a row-column grid such that, for all i € {1,2,...,k}, the i*" row has \; cells. The rows

are left-justified, contain no gaps, and follow the French convention, that is, they are numbered



5] 6] 14 5]
1]1]3 1]2]5 4]6]11 347
9]2]1 7143 3[5]5 1]2]6

Figure 2.1: Ferrers Diagrams and Types of Fillings

For the partition A = (3,3,1), (a) is the Ferrers diagram of A, (b) is a filling with shape A, (c) is
a standard filling with shape A, (d) is a semistandard tableau with shape A, and (e) is a standard
tableau with shape \.

from bottom to top, as seen in Fig. 2.1(a). A cell in a Ferrers diagram at row r and column c is

specified (r, c).

Definition 2.16. A filling T of a partition \ is an assignment of a positive integer to each cell in
the Ferrers diagram of A, as seen in Fig. 2.1(b). The partition A is called the shape of T'. For a
filling T', the notation T'(r, c¢) denotes the content of the cell (r,¢) in T. The set of all fillings of

shape X is denoted F).

Definition 2.17. A standard filling of shape A\ n is a filling of shape A whose entries are
precisely 1,2,...,n in some order, as seen in Fig. 2.1(c). The set of all standard fillings of shape A

is denoted 8F).

Definition 2.18. Given A - n, a semistandard tableau is a filling of shape A such that up each
column (from bottom to top) entries strictly increase, and along each row (from left to right)
entries weakly increase, as seen in figure Fig. 2.1(d). The set of all semistandard tableaux of a

partition A is denoted SSYT(A); a partial example of SSYT((2,1)) is seen in Fig. 2.2.

Definition 2.19. Given A - n, a standard tableau of shape X is a standard filling of shape A such
that up each column and along each row, entries strictly increase, as seen in Fig. 2.1(e). The set

of all standard tableaux of a partition A is denoted SYT(\).

Definition 2.20. The content of a filling T is a sequence o = (aq, a2, ..., ) where k is the
value of the greatest entry in 7" and, for all i € {1,2,...,k}, a; is the number of entries of the

integer ¢ in T. For example, the filling in Fig. 2.1(b) has content (3,1,1,0,1,0,0,0,1).



2 2 2 3 3 3 3 3
v (2] [a]s8] [ [1]2] [1]3] [2]2] [2]3]

Figure 2.2: Semistandard tableaux of shape (2,1)

The eight semistandard tableaux above are the subset of SSYT((2,1)) with entries restricted to 1,
2, and 3. (The entire set SSYT((2,1)) has tableaux with entries from all the positive integer entries
and is infinite.)

Definition 2.21. The content monomial o7 of a filling T with content (aq, g, ..., az) is
ol =aad? .. x*. For example, the content monomial of the filling in Fig. 2.1(b) is 139737579

The following definitions and theorem allow us to partition sets of fillings based on underlying

structural similarities.

Definition 2.22. For a filling 7', the reading word, denoted rw(7'), is the word formed by listing

the entries of T in reading order (left to right across each row, starting with the top row).
Remark 2.23. Note that a filling is uniquely determined by its shape and reading word.

Definition 2.24. We define the process of standardizing a filling by a function stdz, which maps
the set of all fillings of a partition A onto the set of standard fillings of \. For filling 7', stdz(7T) is
defined by the following. Begin by giving stdz(T") the same Ferrers diagram as 7. Next, scan the
entries of T' in reading order, looking for entries of 1. Then repeat looking for entries of 2, and
then entries of 3, and so on, until all entries have been found. The order of finding the entries of
T determines the entries of stdz(T): for the i*® entry found in the scan, assign the entry at the

same cell in stdz(T) to be i.
For example, the standard filling in Fig. 2.1(c) is the standardization of the filling in Fig. 2.1(b).
Theorem 2.25. If T is a semistandard tableau, then stdz(T) is a standard tableau.

Proof. Let T be a semistandard tableau of shape A F n. Note that none of the entries in stdz(7")
exceeds n.
Let (i, k) and (j, k) be two cells in column k in the diagram of A with ¢ < j, and let a, b be the

entries of these cells respectively in 7', and @', b' be the entries of these cells in stdz(T'). Since T



has strictly increasing columns, a < b, and thus by definition of standardization, a’ < b and
stdz(T') has strictly increasing columns.

Let (I,m) and (I,n) be two cells in row [ in the diagram of A with m < n, and let ¢, d be the
entries of these cells respectively in 7', and ¢/, d’ be the entries of these cells in stdz(T). Since T
has weakly increasing rows, ¢ < d. If ¢ < d, then ¢ < d’. If ¢ = d, then ¢/ < d’ since the scanning
order of standardization proceeds from left to right along each row. Thus ¢/ < d’, and stdz(T) has

strictly increasing rows. Therefore, stdz(T") is a standard tableau. 0
Definition 2.26. For a standard filling 7', the inverse descent set IDes(T') is the set of entries a
in T that appear later in the reading word of T than a + 1. Notationally,

IDes(T) = {a € rw(T) : (xw(T)) " (a) > (rw(T)) (a +1)}.
Definition 2.27. The descent set of a standard tableau 7" is defined

Des(T') = {i : i appears in a lower row of T than i + 1}.

Note that for standard tableau T, IDes(T") = Des(T').

Example 2.28. Let T be the standard filling in Fig. 2.1(c) and U be the standard tableau in
Fig. 2.1(e). Then IDes(T") = {3,4,5} and Des(U) = IDes(U) = {2,4, 6}.

2.3 Schur Functions

In this section we introduce the vector space of symmetric functions, and one of its bases, the
Schur functions. Macdonald’s conjecture concerns the Schur expansion of the modified Macdonald

polynomials. Schur functions are defined using tableau content monomials.

Definition 2.29. A symmetric function is a function f(xq,xs,...) such that for all n € Z* and

allo € S,

f(.’l?l,I'Q, .. ) = f(w0(1)7$0'(2)7 o ')7

where we consider (i) = i for i > n.



Example 2.30. The polynomial f(z1,x2,23) = z173 + a:lx% + w22 + xga:% + 2322 + 1373 is

symmetric. For example, for the permutation ¢ = 312,

f(@o(1), To(2)s Toes)) = f(23, 21, 22)
= 1‘31‘% + IL‘3:L‘% + ZL‘1:E§ + mw% + xgzvg + xgm%

= xlxg + xlxg + $2£C% + 132:6% + 1,‘31‘% + JJgCL‘%

= f(xlax27x3)‘

Definition 2.31. The Schur function of a partition A - n is defined by

sx(x1,ma,...) = Z i

TESSYT(N)
Example 2.32. Observing the subset of SSYT((2,1)) in Fig. 2.2, we compute the first eight
terms of s(3 1)(71,%2,...) to be

2 2 2 2 2 2
T1T2 + X1X5 + T1X2X3 + T1T3 + T1X2T3 + X1X3 + THT3 + T2T3.

Theorem 2.33 ([6]). All Schur functions are symmetric.

Proof. Let A n. To show sx(Zy(1), T(2), - --) = sa(x1,22,...) for every o € S, it is sufficient to

show that

S)\(Z'ﬂ.(l),xﬂ.(g),...) :S)\(xl,.rg,...) (2.1)

for every adjacent transposition m = (i,7 + 1), since every permutation may be written as a
composition of adjacent transpositions.
Let m = (4,7 + 1) be an adjacent transposition with 1 <+i <n — 1. Since sy(x1, z2,...) is the

sum of all the content monomials of SSYT()), to show (2.1) it is sufficient to show that every

content monomial z{1z5? ... zfz; " ... =2 with T € SSYT()) is uniquely paired with another
monomial 2" z5? ...z 2" .. =2V, U € SSYT(XA). We will establish this with an involution



f: SSYT(A) — SSYT(N).

Let T € SSYT(A). Define a “fixed pair” of T' to be a pair of cells (j, k), (j + 1, k) with
respective entries ¢ and ¢ + 1. Any s or ¢ + 1s that do not make up a fixed pair are “free”. Let r
be the index of a row in T'. Let a be the number of free is in row r of 7" and b be the number of
free i 4+ 1s in row 7 of T'. Then row 7 of f(7') is the same as row r of T but with the a free is and
b free (i + 1)s replaced by b is and a (i + 1)s, in increasing order. Note that this will produce the
desired relationship between the content monomials of 7" and f(T"). An example computation of f
is seen in Fig. 2.3.

Observe that in row r of T' the is and (i + 1)s follow the relative left-to-right order of: fixed is,
free is, free (i + 1)s, fixed (i + 1)s. A fixed i cannot occur after a free i since there is an ¢ + 1 in
row r + 1 above the fixed ¢ and the row r 4 1 is weakly increasing, and a fixed ¢ 4+ 1 cannot occur
before a free ¢ + 1 since there is an ¢ in row r — 1 below the fixed i + 1 and row r — 1 is weakly
increasing. This order of is and (i + 1)s in row 7 of 7" implies the same order in row r of f(T),
and thus f(7') has weakly increasing rows.

Also, f(T') has strictly increasing columns: let e be an entry in 7. Suppose e = i. If the entry
above e is i + 1 in T, then e is part of a fixed pair and its neighbors above and below do not
change in f(T). If the entry above e is greater than i + 1, then e might or might not change to
i+ 1in f(T) but regardless its neighbors above and below will not change and will not break the
strict column increasing rule with e. Similar reasoning applies if e =47 4+ 1; and if e £ i,e i+ 1
then either e has neighbors above and below that do not change in f(7') or else they change in
such a way so as to still maintain the strict column increasing rule with e. Thus, f(T") € SSYT(A).

Finally, observe that f is its own inverse. Thus f is an involution f: SSYT(\) — SSYT(A)
with the property that if 7€ SSYT(A) has a7 = {252 .. a2} ... then
o0 = xPaf? a2l .. Thus we have shown (1), and sy(z1,22,...) is symmetric. O
Definition 2.34. A formal power series f(z1,%2,...) =Y ooy cixzil’lxzzf . xflkl:l is homogeneous

with degree n if for all i € {1,2,...}, 2?;1 Dij = n.

Definition 2.35. The set of all symmetric, homogeneous of degree n formal power series in

X ={x1,x9,...} is denoted A".

10
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Figure 2.3: Computation of f for proving symmetry of s,

Let ¢ = 3. For computing f, we consider all entries of 3 and 4 in the semistandard tableau T
There is a fixed pair at (2,2), (3,2) and another at (1,6),(2,6). In row 3 of T, there are no free 3s
and one free 4; thus row 3 of f(T') has one free 3 and no free 4s. Row 2 of T has two free 3s and
one free 4, so row 2 of f(7') has one free 3 and two free 4s. Row 1 of T" has one free 3 and four free
4s, so row 1 of f(T') has four free 3s and one free 4.

Example 2.36. For n = 2,
T1XT9 + X1X3 + T1T4 + - -+ + XoT3 + ToXg + XoT5 + -+ - e A?
and
3423+ i+ € A
Theorem 2.37 ([6]). For any positive integer n, A™ is a vector space with {sy : A n} as a basis.

The vector space of symmetric functions is a subspace of the vector space of quasisymmetric
functions. Consequently, any symmetric function can be written as a linear combination of the

elements of a quasisymmetric function basis. We give such an expansion of the Schur functions.

Definition 2.38. A quasisymmetric function is a formal power series p(x1,x2,...) such that for
all compositions o = (av, ..., as) and for all integers 1 < i; < iy < ... < ig, the coefficient of

a5 . . [0 7' I
| x;’ in p equals the coefficient of [[=1z;" inp.

Example 2.39. The polynomial p(z1, xa, z3) = 2329 + 213 + 2373 is quasisymmetric. For
example, choosing o = (2,1) and i1 = 2, iy = 3, the coefficient of szl Q:ZJ = 22z3 is 1 and the

. Qg .
coefficient of [Tj_, zj” = aixy is 1.

Definition 2.40 ([3]). For a positive integer n and set I C {1,2,...,n — 1}, the fundamental

11



quasisymmetric function Fy 1(z1,x2,...) is defined by

Fn,[(ﬂ?l,l‘g,...) = E Lij 1 Ly v« Ty, -

11 <12<...<in,
if jeI then i;7#i;1

Example 2.41. Let n = 3 and I = {1}. Then the first ten terms of F}, ;(z1,z2,...) are
T1T5 + T1ToT3 + T1ToTy + T1TF + T1T3T + T13] + ToTF + Taw3Ty + Tox] + T3T].
Theorem 2.42 ([3]). For any partition A\ = n for any positive integer n,

S\ = Fn,Des(U)'
UESYT())

Proof. Let A F n. Observe that SSYT(A) may be partitioned by standardization class,

ss= Yy Ay,
)

UeSYT(A

where

Ay = Z zT.
TESSYT(N)
stdz(T)=U

Let U € SYT(A). Note that from Definition 2.40,

Fn7Des(U) = E Tj Lig « v+ Ty,
i1 <in<...<in
if jeDes(U) then ij#i;41

We will show that

Ay = Fn,Des(U)

by showing the two polynomials to have the same set of terms. Note that neither polynomial has
any repeat summands: for Ay, two distinct tableaux that standardize to the same tableau cannot
have the same content, and for F,, peg(rr, distinct choices of 41 <y < ... <, will always result in

distinct monomials.
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Let x;, xi, ... z;, be a term in Ay. Let j € Des(U). Then j + 1 is in a row above j in U. This
implies 7;41 # i;, since the only case in which the scanning order of standardization skips to a
higher row is when a new letter is being scanned for. Thus z;, @i, ... x;, is a term in F}, peg(r)-

Let xj, @, ... x;, be a term in F,, pegrr)- Construct a new tableau T' by replacing each entry j in
U with ;. Observe that 27 = x;, 2, ... 2, and stdz(T) = U. Also, T has weakly increasing rows:
for i; and i} in the same row of 7" with i; to the left of iy, U’s strictly increasing rows guarantee
that j < k, and thus i; < ;. Finally, we will show that 7" has strictly increasing columns. Let
ij,4 be in the same column of 7" with row(i;) < row(ix) (implying j < k and row(j) < row(k) in
U). Since i; < ij11 < ... <ip_1 < ig, to show i; < iy it is sufficient to show that some
J,g+1,...,k—11is an element of Des(U). Observe that j ¢ Des(U) would imply
row(j) > row(j + 1) in U. Similarly, 7,7+ 1,...,k — 1 ¢ Des(U) would imply
row(j) > row(j + 1) > ... > row(k) in U, which contradicts row(j) < row(k). Thus i; < iy and T'

has strictly increasing columns. Thus, T € SSYT()\) and x;, 7, ... 2;, = ! is a term in Ay.

n

We have shown

Ay = Fn,Des(U)a

and thus

S\ = Fn,Des(U)' O
UESYT())
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CHAPTER 3

MACDONALD POLYNOMIALS

At this point we have sufficient foundation to define the modified Macdonald polynomials and
state the Macdonald Conjecture. The modified Macdonald polynomials, generalizing Schur
polynomials, are defined using the content monomials of fillings as well as two statistics on
tableau. The Macdonald Conjecture states that the modified Macdonald polynomials have an
expansion in Schur polynomials such that the coefficients of the expansion are determined by

particular tableau statistics.

Definition 3.1. An inversion triple in a standard filling T is a triple

((r1,e1), (r1 + 1 e1), (11 + 1, ¢2))

of cells in T such that co > ¢; and the entries of the cells are counterclockwise increasing: for

x=T(ri,c1)
Yy = T(Tl + 1, 01)
z2=T(r1 +1,c)

it is the case that

z<y<zr,orr<z<y,ory<ux<z.

Note that we allow the case r1 = 0; by convention, 7'(0,¢1) = oo for all ¢;. We also define the set

of inversion triples of a filling of shape u,

Inv,(T) = {(z,y, 2) : (x,y,2) is an inversion triple in stdz(T’)}.

Definition 3.2. For p + n, inv, is a statistic on fillings of y defined by

inv,(T) = [Inv,(T)]|.

14



Note that 7" is standardized in the computation of Inv,(T). For w € S,, we also define the usage
inv,(w) = inv,(U)

where U is the standard filling with shape 1 and reading word w.

Definition 3.3. The column word of a column c of a filling is the word made by listing the

entries of ¢ in order from top to bottom.

Definition 3.4. For p - n, maj, is a statistic on fillings of x defined by

maij, (T) = 3 maj(w)

wel

where C' is the set of column words of stdz(7T") and maj(w) is the major index permutation

statistic as in Definition 2.9. For w € S,,, we also define the usage

maj,(w) = maj,(U),

where U is the standard filling with shape p and reading word w.

Definition 3.5 ([3]). For p I n, the modified Macdonald polynomial H, is defined

X 1q.t Z qlnv,, tmaJH )
TeTF,

where X = {x1,29,...} and 27 is the content monomial of filling 7" (recall Definition 2.21).

Theorem 3.6 ([3]). For all p+ n, the modified Macdonald polynomial ﬁu(X; q,t) is symmetric
m X.

Corollary 3.7 ([3]). For all p+ n, the modified Macdonald polynomial I:IH(X; q,t) has an

expansion in Schur polynomials,

X q’ ZK)\ q’
AFn
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for some q,t-dependent coefficients Kx(q,t).
Proof. The result follows immediately from Theorem 3.6 and Theorem 2.37. O

Macdonald’s conjecture states that the coefficients K(q,t) of the Schur expansion of the

modified Macdonald polynomials are generating functions for some standard tableau statistics a,,

and i’u-

Conjecture 3.8 ([9]). The Macdonald Conjecture for the Schur expansion of modified Macdonald

polynomials states that, for all p+n, for some tableau statistics a, and Bw

Exg,t)= Y ¢»@OiwD
TESYT(N)

where K(q,t) is the Kx(q,t) in

X q7 ZK)\ q’
AFn

as obtained from Corollary 3.7.

In the remainder of this thesis we lay the foundation for proving limited cases of the Macdonald
Conjecture in Chapter 6: Chapter 4 is devoted to the RSK algorithm and Chapter 5 contains

Foata’s bijection.
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CHAPTER 4

THE RSK ALGORITHM

The Robinson-Schensted-Knuth (RSK) algorithm establishes a bijection between the set of
permutations of length n and the set of all same-shape pairs of standard tableaux with n cells.
This bijection provides us with Theorem 4.9, a combinatorial result concerning pairs of standard
tableaux. The RSK algorithm gives equivalence classes on permutations known as the Knuth
relations [5], and the algorithm is used in the proof of the Littlewood-Richardson Rule [11], which
deals with the products of Schur polynomials. It also has been used in computing the length of
longest increasing subsequences [12] and in representations of the symmetric group [10].

In the computation of the algorithm, the letters of the input permutation are considered one at
a time in left-to-right order. The output pair of tableaux are iteratively constructed one cell at a
time, depending on the current letter of the permutation. The bijection provided by the RSK

algorithm is used in the proof of the Macdonald Conjecture in Chapter 6.

Definition 4.1. A partial tableau is a filling with distinct entries in which the entries within each
row (strictly) increase from left to right and the entries within each column (strictly) increase

from bottom to top.
Our definitions of row insertion and the RSK algorithm follow Loehr [6].

Definition 4.2. We will define row insertion, a function denoted by r. Let T be a partial
tableau. Let x be a positive integer not in 7. Then (T, ) is an ordered pair (T, z) = (T, &)
where T is a partial tableau and Z is a positive integer. The tableau T is formed by starting with

T and performing an iterative row operation, defined as follows.
1. Set y =z and i = 1.

2. If y is greater than every entry in row ¢, append y to the end of row ¢ and end the

algorithm. The resulting tableau is T, and & = .

3. Otherwise, let z be the least entry in row ¢ greater than y. Replace z with y in the tableau.

17



T iteration 0 iteration 1 iteration 2 T = iteration 3
0 n n 0 D
8 8 8 8 8 |10
3 (10(12 3 (10(12 3110(12 314112 31412
11415 1145 11215 1125 1125
T =2 y=2 y=4 y =10 z=10

Figure 4.1: Row insertion of 2 into a partial tableau T'

Row insertion operates sequentially on the rows of a partial tableau, starting from the bottom.
Each iteration takes the y from the previous row, finds the least z > gy in the current row, and
swaps y and z.

4. Reset y to y = 2, increment ¢ = ¢ 4+ 1, and go to step 2.

Example 4.3. The computation of (7', 2) for partial tableau T' is represented in Fig. 4.1.
Beginning with y = 2 we update row 1 and obtain iteration 1, resetting y = 4. Then we update

row 2 to obtain iteration 2, resetting y = 10. Finally, in row 3 we reach the terminal iteration 3, y

is appended to the end of the row and we have (7, 2) = (T, 10).

Remark 4.4. Note that the row insertion function r has an inverse 7—!, performed by unraveling
the iterative row-wise operations used to compute 7. Let T be a partial tableau and 7 an entry of

T. Then (T,z) = r— (T, %) is computed by the process:
1. Let i + 1 be the row of # in T. Remove & from T. Set y = Z.
2. If i = 0 then terminate the process, T' is complete and = = y.
3. Otherwise, let z be the greatest entry in row ¢ less than y, and replace z by y in the tableau.
4. Reset y =z and i =¢ — 1, and go to step 2.

The following theorem lays the foundation for computing the RSK algorithm, which relies on

repeated applications of row insertion.

Theorem 4.5 ([6]). Given T, a partial tableau, and x, a positive integer not in T, and

(T, %) = r(T,z), it follows that T is a partial tableau.
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Proof. Let T be a partial tableau and x a positive integer not in 7. Let (T, %) = r(T,z). Observe
that r does not change the content of T other than adding z. Thus T has distinct entries. T has
strictly increasing rows because T differs from T only by some sequence of row-wise operations,
each of which by definition preserves the strictly-increasing-row property of the row it acts on.

To prove that T has strictly increasing columns, let b and a be any two entries in the same
column of 7" where b is in the row above a. Let d and ¢ be the original entries (in T') of the cells
now (in T') occupied by b and a, respectively. Suppose that b = d. Then b > a, since d > ¢ and
c>a.

Suppose that b # d. So (T, x) replaced d in its row with b, meaning b had come from the same
row as ¢ and had itself been replaced by some e < b. If e = @, then b > a. If e # a, then e > a,
since e < a would imply b had started to the left of ¢ and thus would have replaced an entry
further to the left than d. In every case, b > a. Thus T has strictly increasing columns.

Proving that T is a filling requires showing that the rows of T follow the shape of a partition,
that is, their sequence of lengths is weakly decreasing. Suppose for contradiction that the
sequence of lengths of the rows of T' is not weakly decreasing. Then there exists a row ¢ of T that
is longer than its previous row, 3, that is, length(#) > length(3). Let ¢ and s be the rows in T
corresponding to £ and 5 in T. Since T is a filling, length(t) < length(s), and since the only way
that r(7', ) can change the lengths of ¢ or s is by an increase of 1, it must be that
length(s) = length(¢) = length(3) = length(#) — 1. In other words, there must have been an entry
of s appended to t to form . Let z be this entry of s. Since z was added to the end of ¢, it must
have been greater than every element in . But this is impossible: since s and ¢ have the same
length, z must have been in the same column as one of ¢’s elements, and since T is a filling it
follows the strictly increasing column rule, so z is less than the element in ¢ located in the same

column. Thus the sequence of lengths of rows in T is weakly decreasing and T is a filling. We

have shown that T is a partial tableau. O

Definition 4.6. The RSK algorithm is a function RSK: S,, — {(P,Q) : P,Q € SYT(A),A\F n}.

Given input 7 = mymy ... 7, € Sy then RSK(7) = (P, @), defined by the following.

1. Let P; be the filling that is composed of a single entry 7. Note that P is a partial tableau.
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> 5 [2]5] [1]2]
3 4 [5] |3
2[4] [1]2]
11 5] [4]
2 3
1]4] [1]2]
s 3 5] [4]
2]4] [3]5
1]3] [1]2

Figure 4.2: Computation of RSK(25413)
To obtain P;, perform the row insertion (P;, z) = r(P;—1, ;). To obtain Q;, add a cell containing 4
to Q;—1 in same cell location as Z in P;. Then RSK(7) = (P, Qn).

2. Let @1 be the filling that is composed of a single entry 1.

3. Iterating from i = 2 to ¢ = n, define P; by (P;, Z;) = r(Pj—1, ), and define Q); as a copy of

Q;—1 but with the additional placement of a new entry ¢ in the same cell location as 7; in F;.
4. Set P=PF, and Q = Q.
For example, Fig. 4.2 displays the iterative computation of (P, Q) = RSK(7) when 7 = 25413.

The results in the remainder of this chapter establish properties of the RSK algorithm that will

be used in our proof of Macdonald’s conjecture in Chapter 6.

Lemma 4.7 ([6]). If (P,Q) = RSK(r) for some m € S, then P € SYT(\) and @ € SYT(X) for

some A\ n; in other words,

RSK: S, = {(P,Q) : P,Q € SYT(\), A+ n}.

Proof. Observe that since myma ... m, is a rearrangement of (1,2,...,n) and since the function ry,

20



has the effect of adding 7; as an entry to P;_1, it follows that the entries of P are precisely
1,2,...,n in some order; and, by definition of r,,, each P; is a filling with strictly increasing rows
and columns. Thus, P € SYT()) for some A F n.

We will prove that @ € SYT(X). Note that the entries of @ are placed in counting order:
(1,2,...,n). Thus @ has distinct entries. Since @ has the same shape as P by construction, @ is
a (standard) filling. @ has strictly increasing rows because the method of constructing @’s shape
is the same as that of P, meaning that no row entry gets placed unless it is the start of a row or it
follows an earlier (and thus, for @, lesser) entry. Similarly, @ has strictly increasing columns
because every column entry either is the start of a column or follows an earlier (and thus lesser)

entry. Thus, @ € SYT(A). O

Theorem 4.8 ([6]). The RSK algorithm RSK: S,, — {(P,Q) : P,Q € SYT(\),A\Fn} isa

bijection.

Proof. RSK has an inverse RSK™': {(P,Q) : P,Q € SYT(\), A\ - n} — S,, obtained by iteratively
applying r~!. Let 7 € S,, and (P, Q) = RSK(n). Set P, = P, Q, = Q. Iterating from i = n to

i = 1: let x; be the entry of P; at the same cell location as i in @Q);; then perform the computation
(Pi_1,m;) =r Y(P;,x;) and make Q;_1 by removing i from ;. Thus we have that the function
RSK: S, = {(P,Q) : P,Q € SYT(A),\F n} is a bijection. For example, Fig. 4.3 shows that for
the given standard tableaux P, @, RSK~1((P,Q)) = 23514. O

The following theorem is a combinatorial result of the RSK bijection concerning pairs of

standard tableaux of the same shape.

Theorem 4.9 ([6]). For any positive integer n,

S () =l

AFn

where fA = |SYT(N)].
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o [213]5] [1]2]8] 4
s 23] [f2]
2 3
L0 0 2

Figure 4.3: Computation of RSK™!((P,Q))

The top row of the figure (corresponding to i = 6) contains the input P and @ tableaux. Given P;
for some 4, to obtain P,_1 and 7; perform (P;_1,7;) = r~*(P;, &) where Z is the entry in P; at the
same location as i in @);. To obtain ;_1, remove the cell containing i from Q);.

Proof. Since RSK is a bijection, we have that |S,| = [{(P,Q) : P,Q € SYT(A), A - n}|. Thus

nl =Y {(P,Q): P,QeSYT(\)}

AFn

nl=3 |{P: PeSYT(\)}?
AFn

n! = Z (f)\)2‘ -
AFn

The following results concern properties of the RSK bijection that will be needed in our proof

of the Macdonald Conjecture in Chapter 6.

Definition 4.10. Let T be a partial tableau and z a positive integer not in 7. Then the bump
sequence of z in T is the maximal sequence (y1,...,yx) such that y; = x and for i > 2, y; is the
entry in row i — 1 of T that gets replaced by the row insertion r(7,z). For example, in Fig. 4.1,

the bump sequence of 2 in the tableau T is (2,4, 10).
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The RSK algorithm relates the tableau descent set with the permutation descent set and

inverse descent set (recall Definitions 2.27, 2.6, and 2.7).
Lemma 4.11 ([3]). If (P,Q) = RSK(w) for some w € S,,, then Des(Q) = Des(w).

Proof. Let w € S,, and (P, Q) = RSK(w). Let « € Des(w). Let (y1,...,yr) be the bump sequence
of w, in P,_;1. Note that for all i, y; < y;4+1. From x € Des(w) we have that w,11 < w,, and thus
it can be shown by induction along the rows of P, that the bump sequence of w, 1 in P, has
length [ > k. Observe that k is the row of the entry x in ) and [ is the row of the entry = + 1 in
Q. Thus = € Des(Q) and we have Des(w) C Des(Q).

Let 2 € Des(@). Then k < [, where k is the length of the bump sequence (ay,...,a) of w, in
P,_1 and [ is the length of the bump sequence (b1, ...,b;) of wy11 in P,. Since ay is at the end of
its row in P, and [ > k, it follows that by < ar. By induction it can be shown that b; < a;. Since
by = wy+1 and a3 = w,, we have that x € Des(w) and Des(Q) C Des(w). Thus

Des(@) = Des(w). O
Lemma 4.12 ([11]). For all w € S,, if RSK(w) = (P, Q) and RSK(w™') = (P,Q), then P = Q.
Corollary 4.13. For all w € Sy, if RSK(w) = (P, Q), then Des(P) = IDes(w).

Proof. Let w € Sy, (P,Q) = RSK(w), and (P, Q) = RSK(w™!). From Lemma 4.11 we know
Des(Q) = Des(w™!). By Definition 2.7 we have Des(w~!) = IDes(w) and from Lemma 4.12 we
have P = Q. Thus Des(P) = IDes(w). O
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CHAPTER 5
FOATA’S BIJECTION
In this chapter we define Foata’s map and show it is a bijection on .S,,. Foata’s bijection has an
important weight-preserving property linking the inversion and major index permutation
statistics. Foata’s bijection also has the property of preserving the inverse descent set of a
permutation 7, IDes(7). In Chapter 6 we will use the weight-preserving and
inverse-descent-set-preserving properties of Foata’s bijection to extend our proof of the

Macdonald Conjecture to a broader class of partition shapes. We follow Loehr’s presentation [6]

by defining a helper function h,.

Definition 5.1 ([6]). Let o be a word of length & of distinct letters and let € Z" be not in o.
Then h, is a function where h, (o) is defined by the following. We will partition ¢ into “runs”. If
o > x (resp. oy < x), then define i1 < ... <, to index the letters in o such that o;;, > x (resp.

0;; < x). Then there are m runs in o, where the 4 run is

Oij 14+10i;_1+42 - - - O

where ig is understood to be 79 = 0. Note that o can be written as partitioned into consecutive

runs (we use vertical bars to distinguish the consecutive runs):

0 =0102...04 |O'7;1+10‘1‘1+2 NN O‘i2| PN |0-/L'7n71+10-i7n71+2 e Oy

Then hy (o) is the rearrangement of o where the letters within each run are right-cyclic-shifted:

hy(0) = 0,01 ...04,-1]0iy0i 41 « - - Oig—1| - - |04, iy 141 -+ i —1

=04;01...04;-104504;41---045—-1+--04,0¢, 141 ---04,,—1-

Definition 5.2 ([6]). We define Foata’s map ¢ by the following. Let m = 7 ... m, be a word with
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k ¢(7T1...7Tk) Thk+1 hﬁk+1(¢(7T1...7Tk)) ¢(W1...Wk+1)
1 6 2 6] 62

2 62 5 |26 | 265

3 265 3 16215 | 6253

4 6253 4 12635 26354

5| 26354 1 1216(3]54] 263541

Table 5.1: Computation of ¢(625341)

Foata’s map is computed using the recursion ¢(m; ... 7,) = hy, (¢(m1 ... 7Tk—1))7k. For example, in
the row above where k = 4, we start with ¢(6253) = 6253. Because (¢(6253))s = 3 is less than
75 = 4, we start a new run in 6253 with every letter less than 4, obtaining the partitioning |62|53|.
Finally, we right-cyclic-shift the letters within each run to obtain h4(¢(6253)) = 2635 and append
75 = 4 to obtain ¢(62534) = 26354. Also note that inv(¢(625341)) = 9 = maj(625341).

n distinct letters. Then ¢(m) is computed by the recursion

d(my ... mg) = hy (O(m1 .. T—1)) Tk

for all 2 < k < n with initial condition ¢(m1) = 1. In other words, ¢(m ... m) is computed by

appending 7 to the end of the word hy, (¢p(71 ... 7TK_1)).

Remark 5.3. Note that h, (o) is a rearrangement of the letters of o. It can be shown by
induction on k that ¢(m) has precisely the letters 7y, ..., m, in some order, so ¢: S,, — S,

(Definition 2.2).

Example 5.4. For 7 = 625341, the computation of ¢() is seen in Table 5.1. As an example
iteration of the computation, take the row in the table beginning with £ = 3. Since 74 = 3 and
(¢(625))3 =5 > 3, we define i1,. ..,y to be the indices of the letters in ¢(mmams) = $(265)
which are greater than 3. These indices are i; = 2 and i3 = 3. Thus we partition ¢(m;mams) into
two runs, 26 and 5, and each run gets right-cyclic-shifted, resulting in h3(265) = 625. Finally,
appending 71 yields

$(6253) = 6253.

Theorem 5.5 ([6]). Foata’s map, ¢ : Sy, — Sp, is a bijection.

Proof. Let Foata’s map ¢ : S,, — S, and h, be defined as above. Since ¢ is computed by

iteratively applying h, and appending a letter, identifying an inverse for h, is sufficient to show
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that ¢ has an inverse. Let 7 be a word of length k£ — 1 with distinct letters from the set {1,...,n},
and let x be a letter in {1,...,n} not in 7. We will again partition 7 into runs. If 74 > x, then
define i1 < ... <y, to index the letters in 7 such that 7;; > z. If 71 <z, then define i1 < ... <i,

to index the letters in 7 such that 7;; < 2. Then there are m runs, where the 4 run is identified

T/L'jT/L'jJr]_ .. 'Tij+171

where 4,,11 is understood to be i,,11 = k. So 7 can be written as partitioned into consecutive

runs,

T =T17T2.. ~Ti271‘7-i27_i2+1 e Ti3,1| e |7_im7—im+l oo Th—1-

Then h;'(7) left-cyclic-shifts each run in 7,

h;l(T) =T792... Ti2717'1|7'i2+1 e Ti3,17'¢2| e ‘Tim+1 e Th—1Tiy, -
We argue h, ! is the inverse of h, for the reason that, if 7 = h, (o), the letters 7;,,..., 7,
identified in computing h;!(7) are the same as the letters o;,,...,0;, identified in computing

7 = hx(0). These letters begin the runs in 7; thus h, ' identifies the same runs in its input as h,
had produced in its output. Since h; ! cycles each group left where h, had cycled each group
right, h;1(7) ends up h;'(7) = 0. Now that we have an inverse for h,, we can define an inverse
for ¢ by an iterative procedure that “peels off” one letter at a time from the input to create the
output. Suppose m € S,. Start the procedure by setting £k = n and 7 = 7. Then for iteration k,
set (¢~1(m))r = 7 and then reset 7 = h=!(71,...,7x_1), then proceed with iteration k — 1. Thus
the output ¢~!(7) is determined in reverse order, (¢~(7))n, (¢~ (7))n_1, ..., (¢~ (7))1. Since
h, ' performs only a rearrangement of its input word, we see that the letters peeled off of all the
7s to create ¢~ !() are precisely the same letters as those in 7; thus ¢~!(7) € S,,. It may be
verified that one iteration of the procedure in computing ¢! is the inverse of one recursion in the

formula for computing ¢. Thus ¢ has an inverse and is a bijection ¢ : S, — Sj,. Ol

Example 5.6. Let 0 = 263541 and compute ¢~ (), as in Table 5.2. Note that assembling the

letters of ¢~ !() in order from the column (¢~ 1(0))x = 74 yields ¢~ (o) = 625341. As an example
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klr=m...m | (¢ (0)e=mk | b (T1...Th1)
6| 263541 1 1216[3(54]
5| 26354 4 16253

4] 6253 3 1265

3 265 5 162

2 62 2 6]

1 6 6 -

Table 5.2: Computation of ¢~1(263541)

Where Foata’s map had been computed by recursive applications of h, and appending the next
letter of 7, the inverse of Foata’s map is computed by recursions of the reverse procedure: removing
the last letter of 7 and applying h, ! to the remainder. For example, in the row where k = 5 we
start with 7 = 26354, remove the 4, and reset 7 to 7 = th(2635) = 6253. The removed letter 4 is
recorded as the k' letter of the output word, (¢~1(263541))5 = 4.

iteration of the computation, take the row in the table beginning with £ = 5. The last letter of
the current 7, 75 = 4, becomes the 5" letter of ¢~!(c). This letter is removed, and the remaining
letters are divided into runs. Since 71 = 2 < 4 = 73, we define i1, ..., 4,, to be the indices of the
letters in 7 that are less than 4. These indices are i; = 1, 4o = 3. Since each index 7; begins a run,

we obtain the runs 26 and 35, and each is left-cyclic-shifted to obtain

h;1(2635) = 6253.

The following theorem provides the weight-preserving property of Foata’s bijection. The two
weights are the inversion and major index statistics on permutations (recall Definitions 2.4

and 2.9).

Theorem 5.7 ([6]). For any m € Sy,

inv(¢(m)) = maj(r).

Proof. Let m € S,,. We will prove the above result by induction on the k" recursion of the
computation of ¢(7). Observe that for £ = 0, maj(m) = 0 and inv(¢(71)) = inv(w1) = 0, so the
base case holds. Suppose that for some k € {1,...,n}, inv(¢(m1...7x—1)) = maj(my ... mx_1).

Suppose m_1 > . Then the descents in 7y ... 7 are the same as those in ;... 7,_1 but with
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the addition of & — 1. Thus,
maj(my ... 7m,) = maj(my ... mp—1) + k— 1.

Also consider inv(¢(my ... 7)) = inv(hy, (¢(m1 ... T—1))7k). Let (71 ... 7—1) = ¢(m1 ... Tk—1). In
B, (71 ... Tk—1), due to the cyclic nature of the map, the only relative letter positions that change
are those involving the letters 7;,,...,7,, , each of which moves to the left end of all members of
its run where before it had been on the right end. No relative positions change between members
of different runs. Thus the change in inv caused by h;, is entirely due to the change in number of
inversions involving 7;; within the 4% run for all j € {1,...,m}. Since, as per our supposition,
7i; > 7 and all other members of the run are less than 7y, 7i; 1s greater than all other members
of its run, of which there are i; — ;1 — 1. Thus (recall i, = k — 1 and iy = 0),

m

inv(hg, (11...7%—1)) =inv(r ... 7—1) + Z(Z] —ij1—1)
j=1

inv(hg, (11...7%-1)) = inv(P(my ... 7)) + bk — 1 —m.

Then, appending 7, to the end of Ay, (71 ...7x—1) to form ¢(m; ... 7m) has the effect of adding a
further m inversions, since the letters in hr, (71 ...7,_1) greater than m are precisely 7;,,...,7,,.

In other words,

inv(p(my ...mx)) =inv(e(my ... m1)) +hk—1—m+m
= maj(ﬂ'l...ﬂ'k,l) +k—1
= maj(7r1 7Tk)

Suppose instead that 71 < 7. Then maj(m ... m,) = maj(my ... 7,—1), since no descents are
added or removed. Also, by similar logic as above, applying Ay, to w1 ... 7 subtracts k —1 —m
from inv, since this time each 7;; is less than all its other run members and so loses i; — ;-1 — 1
inversions when it moves to the left end of its run. And, the letters in hr, (71 ... 7x—1) greater

than 7 are all those letters in 7y ... 7m_1 except m;,,...,m;,,, which number £k — 1 —m. Thus

28



appending 7y to hg, (71 ... m;—1) increases the number of inversions by k — 1 —m. Thus we have
inv(¢(my .. .m,)) =inv(p(my ... mp—1)) —(k—1—m) + (k—1—m)

=inv(ep(my...7x—1))
= maj(my ... Tp_1)
=maj(my ... 7). -

Recall from Definition 2.11 that [n],! denotes

[n]g! = [n]g[n — 1g[n —2]¢.. . [1]g

= +q+q+ " A +ag+ g+ ") (1),

Combining Theorems 5.7 and 2.12 we obtain the generating function for the major index statistic.
Theorem 5.8 ([6]). For any positive integer n,

Z g = [n]q!.

weSh
Proof. Let n be a positive integer. From Theorem 5.7 we know

Z qmaj(w) _ Z qinv(¢(w)).

wESh weSh

By Theorem 5.5, Foata’s map is a bijection ¢: S, — S,, and so Zwesn ¢™ (@) is an equivalent

rearrangement of the terms of Y- ¢ g (@),

Z qinv(¢(w)) _ Z qinv(w)
wESh WESH

and by Theorem 2.12,

Z qinv(w) _ [’I’L]q'

wEeS),
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Thus
Z qmaj(‘”) = [n],!. O

weSh
In addition to sending major index statistic to inversion statistic, ¢ preserves the inverse

descent set of the permutation (see Definition 2.7).

Lemma 5.9 ([6]). For any w € Sy,
IDes(p(w)) = IDes(w),

where ¢ is Foata’s bijection.

Proof. Let w € S,,. Let € IDes(w). Then w=(z) > w™(z + 1). Define 2z; = ¢;(wiws ... w;), the
word which is the 7*" iteration in the computation of ¢(w) and which is some arrangement of the
letters wy, wa, ..., w;. Thus z,-1(,) contains both the letters z and x + 1, and note that

27t

T () > zj_l(a; + 1), where j = w!(z). We will show that the application of the helper function

of Foata’s map, hy, ., (2;), does not change the relative ordering of x and z + 1. Recall that the
computation of A, (2;) involves partitioning z; into consecutive runs where the last letters of
the runs are the letters which have the same order-relationship to w;41 as w; does. Observe

x > w;qq if and only if x +1 > w;41, and x < w;41 if and only if  + 1 < w; 1. Thus, either x and
x + 1 are both at the ends of their runs, or neither is. If x and = + 1 are both at the ends of their
runs then they are in separate runs and their relative order does not change. If neither is at the
end of its run, then the index of each in the word will increase by 1, according to the
right-cyclic-shifting of the runs; as a result, their relative order remains the same. Since zj41 is,
by definition, the word hy, (zj) appended by the letter w;;1, we conclude that the relative order

of z and = + 1 in 2,1 is the same as in zj, in other words 2}, (z) > zjjrll (x 4+ 1). The same

1
reasoning can be applied inductively to obtain z,!(x) > 2z 1(z + 1), and so

(p(w))~Hx) > (p(w)) Yz + 1), giving = € IDes(é(w)), and thus
IDes(w) C IDes(p(w)).

Let = € IDes(é(w)). Then (¢p(w))~(z) > (¢(w)) " (z + 1). By similar induction as above,
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considering the runs used in computing the inverse helper function h~!, it can be shown that

w™(z) > w ! (z +1). Thus z € IDes(w), IDes(¢(w)) C IDes(w), and

IDes(¢(w)) = IDes(w).
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CHAPTER 6

PROVING MACDONALD’S CONJECTURE IN CERTAIN CASES

In this chapter we prove the Macdonald Conjecture for two classes of partition shapes, u = (1")
(Theorem 6.3) and p = (n) (Theorem 6.4). The proof of Theorem 6.3 follows Loehr [7], and the
proof of Theorem 6.4 takes a similar approach but with added use of Foata’s map. This method
used to prove Theorem 6.4 differs from the that used in the recent proof by Assaf [1]. We start by
rewriting the modified Macdonald polynomials in terms of fundamental quasisymmetric

polynomials (see Definition 2.40), mirroring the expansion of the Schur functions.

Lemma 6.1 ([3]). For any put n,

WX, t)= > gDl DE, o).
TEST,

Proof. We present a similar argument as in the proof of Theorem 2.42. Let u = n. Beginning from

the definition of the modified Macdonald polynomial (Definition 3.5),

X 1q,t Z qmvu tmaJH )
TeT,

observe that F, may be partitioned by standardization class,

WXig )= Y gDyt

UeSF, TeT,

stdz(T)=U
X 1q,t Z quM U)tmaju( ) Z ZL‘T
Uess, TET,
stdz(T)=U
X cq,t Z qlnvu tmaju( )B
Uess,
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where

By = Z zT.

TEF,
stdz(T)=U
Let U € 8F,. Note that from Definition 2.40,
Fo pes(uy = Z T Ty . T, -
11<i2<...<inp,

if jeIDes(U) then i;7#ij41

We will show that

By = F, 1pes(v)

by showing the two polynomials to have the same set of terms. Note that neither polynomial has
any repeated summands: for By, two distinct fillings that standardize to the same filling cannot
have the same content, and for F,, peg(rr) distinct choices of i1 <y < ... <, will always result in
distinct monomials.

Let x;, @i, ... x;, be a term in By, taking i; <iy < ... <1i,. Let j € IDes(U). Then j + 1
appears before j in rw(U). This implies i;11 # i;, since the only case in which the scanning order
of standardization goes against reading order is when a new letter is being scanned for. Thus
Tiy Tig - - - i, 1S & term in F, 1peg(v)-

Let @, @i, ... 4, be a term in F), ipegrr). Construct a new filling 7" by replacing each entry j in
U with ;. Observe that 27 = x; 2, ... 2;,, stdz(T) = U, and the entries of T are drawn from
{1,2,...,n}. Thus, z;,x;, ...x;, is a term in By.

We have shown

By = Fn,IDes(U)?

and thus

I:IM(X; q, t) = Z qinvu(T)tmaj“(T)Fn,IDes(T)' 0
TEST,

Since we can now generate H 1(X;q,t) by standard fillings, we can use the reading word

(Definition 2.22) to restate H,(X;q,t) in terms of permutations.
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Lemma 6.2 ([7]). For any pt n,

I:[M (X; q, t) = Z qinvu(w)tmaj“(w)Fn,IDes(w)-

wESy

Proof. Let pF n. From Lemma 6.1 we know

X 1q,t Z qlnvu tmaju( )Fn,IDes(T)'
TEST,

Recall from Definitions 3.2 and 3.4 that for a standard filling T',
inv, (rw(7T)) = inv,(T)
and
maju(rW(T)) = maj, (7).

Also, from Definitions 2.7 and 2.26 we have that IDes(rw(T")) = IDes(T"). Thus

‘FIM(X; q, t) = Z qmvu(rW(T))tmaJ”(rW(T)) F, JIDes(rw(T))-
TesT,

Observe that, for a given u, rw: 8F, — S, is a bijection. (A filling is uniquely determined by its

shape and reading word.) Thus we obtain

E[M (Xa q, t) = Z qinv,,,(w)tmaju(w) Fn,IDes(w)- 0
wESy

Following the method of Loehr, we use the RSK bijection and its properties, as well as the
fundamental quasisymmetric expansions of the modified Macdonald polynomials and Schur

functions, to prove Macdonald’s conjecture for the case p = (1").
Theorem 6.3 ([7]). Macdonald’s Conjecture holds for p = (1") = (1,1,...,1).

Proof. Let pr = (1") - n. Because p consists of a single column, inv,(w) = 0 and

34



maj,(w) = maj(w) for all w € S;,. From Lemma 6.2 we know

I:[M (X; q, t) = Z qinvu(w)tmaj“(w)Fn,IDes(w)-

wESy

Thus

E[(I") (Xa q, t) = Z q(]trnaj(w) Fn,IDes(w)-

’wGSn

We define the tableau statistics a(qn), B(ln) by

and

bam(T) = > .

i€Des(T')
Let w € S, and (P, Q) = RSK(w). From Lemma 4.11 we know Des(Q) = Des(w), and thus by

Definition 2.9 we have

maj(w) = by (Q).

Also, from Corollary 4.13 we have
IDes(w) = Des(P).

Thus

ﬁ(l") (X7 q, t) - Z q&(ln)(Q)tb(ln)(Q)Fn,Des(P)'
wESy, (P,Q)=RSK(w)

And since RSK: S,, — {(P,Q) : P,Q € SYT(\), A n} is a bijection,

fNI(ln)(X;q,t) = Z q*am (@ )tb(ln)(Q)F Des(P)
(PQ) : PQESYT(N), AFn

CNEIUED VD VI SRR LR L
AFn PESYT(A) QESYT(N)

Hl" X Qa Z Z qa(ln)(Q)tb(ln)(Q) Z Fn,Des(P)
AFn QeSYT(N) PeSYT(N)
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and by Theorem 2.42,

(1n) (X;q,t Z Z qﬁ(m)(Q)ti)(ln)(Q)s/\. ]
An QESYT(\)

The following proof of the Macdonald Conjecture for the shape p = (n) uses the same
technique as the proof for ;1 = (1™) but first implements the weight-preserving property of Foata’s

bijection to change between the inversion statistic and the major index statistic.
Theorem 6.4. Macdonald’s Conjecture holds for = (n).

Proof. Let p = (n) - n. Because u consists of a single row, inv,,(w) = inv(w) and maj,(w) = 0 for

all w € S,,. From Lemma 6.2 we know
I:I,u (Xa q, t) = Z qinvu(w)tmaju(w) Fn,IDes(w)'
wESy,

Thus

Hipy(X1q,t) = > ™ HF, pesiu)-

wESy

By Theorem 5.7 and Lemma 5.9 we obtain

Hn) X 1q,t Z qmaJ t F, JDes(¢p(w))-
wESn

By Theorem 5.5 Foata’s map ¢: S,, — S, is a bijection, and so

H X 1q,t Z qmaJ tOFn,IDes(w)'
wESy

We now follow the same argument as in Theorem 6.3. We define the tableau statistics a(,), I;(n) by
ey (T) = Y i
1€Des(T)

and

bny(T) = 0.
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Let w € S, and (P, Q)

Definition 2.9 we have

Also, from Lemma 4.13 we have

Thus

Hiy(X5q,t) =

And since RSK: S, — {(P,Q) :

Hiy(X5q,t) =

n)XQ7

) (X5q,1)

and by Theorem 2.42,

n) (X5,1)

= RSK(w). From Lemma 4.11 we know Des(Q)

= Des(w), and thus by

maj(w) = CN’J(n) (Q).
[Des(w)

= Des(P).

Z qd<'”) (Q)tb(n) (Q)Fn,Des(P) :
wESn, (P,Q)=RSK(w)

P,Q € SYT(X), A n} is a bijection,

Z q&(m(Q)tz’(n)(Q)Fn Des(P)

(P,Q) : PQESYT(X), Akn

S D DD DRPTC L
AFn PESYT(A) QESYT(N)

Z Z qa(n)(Q)tE(n)(Q) Z F Des(p)
AFn QESYT(A PeESYT(A)

Z Z qa(n) (Q)tl;(n) (Q)S)\

AFn QESYT(A
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CHAPTER 7

MODIFYING THE RSK ALGORITHM

In Chapter 6 we used the RSK algorithm to prove the Macdonald Conjecture for the case
= (1"), and also for the case p = (n) with the help of Foata’s bijection. The RSK algorithm has

the following properties:
1. RSK: S, = {(P,Q) : P,Q € SYT(\), AF n} is a bijection (see Theorem 4.8).
2. For all w € S, if (P,Q) = RSK(w), then IDes(w) = Des(P) (see Corollary 4.13).

3. For all w € Sy, if (P,Q) = RSK(w), then we have tableau statistics a,(Q) = inv,(w) and

bu(Q) = maj,(w) for = (1") (see proof of Theorem 6.3).
4. Every filling P; in the computation of P must be a partial tableau.

Note that properties (1), (2), and (3) are essential to the proof of Theorem 6.3. We would like to
define an algorithm RSK’ similar to RSK that could prove the Macdonald Conjecture for p = (n)
(and for even more general shapes) without relying on Foata’s bijection. To do so, the new
algorithm would have the first three properties above, extending the third property to apply to
the shape p = (n) (and more general shapes). It should also possess the fourth property to be
recognizable as an iterative insertion algorithm. Loehr 7] has given an RSK’ that satisfies the
four properties for shapes p such that 1 <3 and po < 2, though not for shapes p with pq > 3.
The most direct way of achieving the extension of the third property to the shape p = (n) would
be to define RSK' in such a way that RSK'(w) = RSK(¢(w)). We have found no obvious way to
do so, however. Furthermore, we will show that any RSK’ algorithm that possesses the four
properties must include possible movement of tableau entries into lower rows during row
insertion, which is a significant departure from the original definition of row insertion. This result

holds regardless of the precise definitions of the statistics a,) and l;(n).

Theorem 7.1. Suppose a, is a statistic on standard tableaux of shape p and suppose

RSK': S, = {(P,Q) : P,Q € SYT(\), At n} is a bijection computed by iterative partial tableaux
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such that for every w € S,, and (P,Q) = RSK'(w), Des(P) = IDes(w) and
a(n)(Q) = inv(,)(w) = inv(w). Then for some n and some w € Sy, some iteration of the

computation of RSK'(w) requires moving a tableau entry down a row.

Proof. Let a(, and RSK': S, — {(P,Q) : P,Q € SYT()), A n} be as above. Let n = 4 and
A= (3,1) 4. Let P,Q € SYT(A) where Q has reading word 2134. Let w = (RSK')~1((P, Q)).
Since a(,)(Q) = inv(w) and the range of inv on Sy is {0,1,2,3,4,5,6} (see Table 7.1), the possible

values of G, (Q) are {0,1,2,3,4,5,6}. Consider each case in turn; use Table 7.1 for reference.

® G(,)(Q) = 0: Impossible, since inv(w) = 0 implies w = 1234 which has IDes(w) = {} and
there are no P € SYT((3,1)) which have Des(P) = {}.

® G(,)(Q) = 1: Consider when P has reading word 4123, so that Des(P) = {3}. Since
inv(w) = 1 and IDes(w) = {3}, we infer w = 1243. We observe that all possible ways of

computing RSK'(w) involve moving an entry down a row (see Fig. 7.1).

® G, (Q) = 2: Consider when P has reading word 2134, so that Des(P) = {1}. Since
inv(w) = 2 and IDes(w) = {1}, we infer w = 2314. We observe that all possible ways of

computing RSK’(w) involve moving an entry down a row (see Fig. 7.1).

® G, (Q) = 3: Consider when P has reading word 2134, so that Des(P) = {1}. Since
inv(w) = 3 and IDes(w) = {1}, we infer w = 2341. We observe that all possible ways of

computing RSK'(w) involve moving an entry down a row (see Fig. 7.1).

® G(,)(Q) = 4: Consider when P has reading word 3124, so that Des(P) = {2}. Since
inv(w) = 4 and IDes(w) = {2}, we infer w = 3412. We observe that all possible ways of

computing RSK’(w) involve moving an entry down a row (see Fig. 7.1).table

® G(,)(Q) = 5: Impossible, since inv(w) = 5 implies either w = 4231 or w = 4312, and neither

possibility has IDes(w) such that there exists P € SYT((3,1)) with Des(P) = IDes(w).

® G(,)(Q) = 6: Impossible, since inv(w) = 6 implies w = 4321 which has IDes(w) = {1, 2, 3,4}
and there are no P € SYT((3,1)) which have Des(P) = {1,2,3,4}.
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Thus, no RSK’ algorithm can avoid moving an entry down a row in at least one of its

iterations.
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we Sy inv(w) maj(w) IDes(w)

1234 0 0 {}
1243 1 3 {3}
1324 1 2 {2}
1342 2 3 {2}
1423 2 2 {3}
1432 3 5 (2,3}
2134 1 1 {1}
2143 2 4 (1,3}
2314 2 2 {1}
2341 3 3 {1}
2413 3 2 {1,3}
2431 4 5 {1,3}
3124 2 1 {2}
3142 3 4 {2}
3214 3 3 {1,2}
3241 4 4 {1,2}
3412 4 2 {2}
3421 5 5 {1,2}
4123 3 1 {3}
4132 4 4 {2,3}
4213 4 3 {1,3}
4231 5 4 {1,3}
4312 5 3 {2,3}
4321 6 6 {1,2,3}

Table 7.1: Inversion, major index, and inverse descent set on 5,
Note the joint distribution (discussed in Chapter 8) of the inversion and major index statistics on
Sy: for every w € S4, there exists u € Sy such that inv(u) = maj(w) and maj(u) = inv(w).
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3] 2] 2] 3] 4] 3] 4] 3]
1]2] 1]3] 1]3] 1]2] 23] 2[4] 1]3] 1]4]
n n 2] 2] 2] 2] 3] 3]
112[3] [1]2]3] [1]3[4] [1]3][4] [1]3]4] [1]3[4] [1]2]4] [1]2]4]
am(Q) =1, am)(Q) =2, am)(Q) =3, am)(Q) =4,
rw(P) = 4123, so rw(P) = 2134, so rw(P) = 2134, so rw(P) = 3124, so
w = 1243 w = 2314 w = 2341 w = 3412

Figure 7.1: Possible RSK’ progressions when \ = (3,1) and rw(Q) = 2134

The above trees, which are read top to bottom, display the Py, P, P35, Py of possible RSK’ algorithms
for specific cases considered in Theorem 7.1: given A = (3,1) and rw(Q) = 2134, we consider all
possibilities for d(n)(Q). For each possible value for &(n)(Q), we focus on a particular value for
rw(P) which forces the RSK’ progression to include at least one iteration where a tableau entry is
moved down a row.
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CHAPTER 8

TABLEAU STATISTICS

In Chapter 7 we considered the requirements for a modified RSK-like algorithm that could be used
to extend the proof of Macdonald’s conjecture to more general shapes. One of those requirements
was the existence of tableau statistics @, and b, such that @,(Q) = inv,(w) and b,(Q) = maj,,(w)
for (P,Q) = RSK'(w). In this chapter we discuss candidates for these statistics that are
extensions of the inversion and major index permutation statistics defined by Haglund and
Stevens [4]. A cause for special interest in these statistics is that there exists a weight-preserving
bijection W that is an extension of Foata’s map, sending the tableau major index statistic to the
tableau inversion statistic. In addition to behaving in a parallel manner to the inversion and
major index permutation statistics in this way, the Haglund—Stevens tableau statistics have a
certain invariance property concerning tableau conjugates, which we explore in Theorems 8.4

and 8.19. However, we also show that these tableau statistics are not jointly distributed, an
important property that the inversion and major index statistics have on permutations.

Note that we will use the notation (r,c) to denote the cell of a filling in row r and column c.

Definition 8.1 ([4]). Let T be a standard tableau. Then we define

e€Des(T)
For example, for the tableau T in Fig. 8.1, maj(T) =2+6+9+3+ 7+ 12 = 39.

Definition 8.2. Let T be a standard tableau and k an entry in 7. Define 74 (7)) as the path in

the diagram of T constructed in the following way:
1. Start at the lower-left corner of the cell in T" containing the entry k.

2. Let (a,b) be the row-column coordinates of the cell most recently added to the path. If
(a,b) = (1,1), the path is complete; if b = 1 then the next cell is (a — 1,b), and if a = 1 then

the next cell is (a,b—1). If a # 1,b# 1 and T'(a,b— 1) > T'(a — 1,b) then (a,b— 1) is the
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T U1 (T)

10|13 9113

41811 37|11
315|712 215(8(12
112169 1(416 (10

Figure 8.1: Computation of V(7

We find the path 711(T) = ((3,3),(3,2),(2,2),(2,1),(1,1)) by starting at the cell of the entry 11
and repeatedly stepping left or down, depending on which cell contains the greater entry. We
identify the cycle blocks in T according to m11(T) as (1), (2,3,4), (5), (6), (7,8), and (9, 10), by
forming lists of consecutive integer entries whose first element is the only entry on the same side of
m11(T) as the entry 1. We compute W11(T") by right-cyclic-shifting each cycle block.

T T
5] 6]7
347 4
11216 1135

Figure 8.2: Conjugate of a tableau T
For tableau T, the conjugate T is the tableau produced by inverting the row and column coordinates
of each cell in T

next cell. Otherwise, (a — 1,b) is the next cell.

3. Repeat step 2 until the path is complete.
For example, for tableau T" in Fig. 8.1, the path 711(T) = ((3,3),(3,2),(2,2),(2,1),(1,1)).

Definition 8.3. The conjugate, T', of a standard tableau T is the tableau formed by reflecting T
over the line y = z. Formally, for each cell (r,¢) in T', T’ has a cell (¢,r) such that

T'(c,r) = T(r,c). We define conjugation on a tableau cell by (a,b)’ = (b,a). Similarly, the
conjugate 7’ of a path 7 is the path formed by taking the conjugate of each cell in 7: if

7= ((r1,c1), -, ("m,cm)) then 7 = ((c1,71), ..., (¢m,Tm)). Fig. 8.2 demonstrates an example of

a tableau T and its conjugate T".

The following result gives a sort of complementary relationship between the Haglund—Stevens
major index of a standard tableau and the major index of its conjugate, in that the sum of the

major indices depends only on the size of the tableau, not its shape or reading word.
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Theorem 8.4. Let T be a standard tableau of shape \ where A\ n. Then

n(n—l)'

maj(T) + maj (') = "

Proof. Let T be as above. Let [n — 1] denote {1,2,...,n — 1}. Let Des(T) represent
[n — 1] \ Des(T). Let i € [n — 1]. Let (r,¢) be the cell containing i in 7" and (s, d) the cell
containing ¢ + 1 in 7.

Suppose i € Des(T'). Then r < s. Suppose for contradiction that ¢ < d. Consider that the cell
(s,c) is above (r,¢) in the same column and to the left of (s,d) in the same row. But this implies
the contradiction ¢ < T'(s,c¢) < i+ 1 by increasing row and column rules. Thus ¢ > d. This implies

i ¢ Des(T") since ¢ is the row of i in 77 and d is the row of i + 1 in 7”. Thus Des(T") C Des(T").
Suppose i € m. Then r > s. Suppose for contradiction that ¢ > d. It cannot be that r = s,

because that would imply ¢ < d by the increasing row rule. Thus r > s. Similarly, it cannot be

that ¢ = d, so it must be that ¢ > d. Consider that the cell (r,d) is above (s, d) in the same

column and to the left of (7, ¢) in the same row. But this implies the contradiction

i+1<T(r,d) <iby the increasing row and column rules. Thus ¢ < d, implying i € Des(7”). By

contraposition, if i € Des(T") then i € Des(T). Thus Des(T”) C Des(T).

We have shown Des(T") = Des(7"). Thus [n — 1] = Des(T") U Des(T"), so

d o i= > i

i€[n—1] i€Des(T)UDes(T")

n—1

Di= > i+ >

i=1 1€Des(T') i€Des(T")
n(n —1)

5 =maj(T) + maj(1"). O

To define the tableau inv statistic as in [4], we first define cycle blocks, the function Wy, tableau

inversion path, and tableau inversion pair.

Definition 8.5. Let T be a standard tableau and k an entry in 7. Suppose a < k is an entry of
T located on the same side of 7 (7") as the entry 1 in T' (above 7 (T') if 1 is above 7 (T") and

below 7 (T') if 1 is below 7 (T'); consider the beginning of the path to have a directly rightward
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extension until the rightmost extremity of the diagram). Suppose a + 1,a+2,...,a+m is a
maximal-length sequence of consecutive-integer entries in 1" such that a + 1,a + 2,...,a + m are
on the opposite side of m;(T") as a and a +m < k. Then (a,a+ 1,a+2,...,a+m) is a cycle block

in T according to the path (7).

Definition 8.6. Let T" be a standard tableau and k an entry in 7. Define WUy (T') to be the
standard tableau formed by performing the following modification to T: for every cycle block
(a1,...,am) in T according to m(T'), perform a right-cyclic-shift of the cycle block members in

their respective cells in T'.

Example 8.7. For the standard tableau T" in Fig. 8.1, the cells in T' below the path 711(T") are
those containing 5, 7, 12, 1, 2, 6, and 9, and the cycle blocks in T" according to w11 (7T) are (1),
(2,3,4), (5), (6), (7,8), and (9,10). We perform a right-cyclic shifting of each cycle block

(ar,a2,...,am—1,0m) = (Qm,a1,...,@m—2,am—1) to obtain ¥;;(T") as shown.

The following definition and theorem establish a weight-preserving bijection on tableaux

analogous to Foata’s map for permutations.
Definition 8.8. Let the function ¥ = Wgo W y0---0W,, 10V,

Theorem 8.9 ([4]). The function W: SYT(N\) — SYT() is a bijection such that for all
T € SYT(XN), inv(T') = maj(¥(7T)).

Definition 8.10. Let T be a standard tableau with shape A\ - n. The inversion paths of T are

the paths

mn(T),
Tn—1(Vn(T)),

7Tn72(\Pn71 oW, (T))’

7T2(\I/3 ©:+-+0 \I/n—l o \Ifn<T))
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Definition 8.11. Let T be a standard tableau and let m be an inversion path of T'. Let b be the
entry of the first cell of 7. Suppose a is an entry in a cell below 7 such that a < b. Then (b, a) is

an tnversion pair in T

Definition 8.12 ([4]). Let T" be a standard tableau. Then we define inv(7) to be the number of

inversion pairs in 7T'.

Example 8.13. Table 8.1 presents an example computation of inv(7"), where T is the first
tableau in the column marked Wi 1 0---0 Wo(T'). To follow the first two iterations: the path

mo(T) = ((3,3),(3,2),(2,2),(2,1),(1,1)) is an inversion path of 7. Thus

(9,8),(9,5),(9,3),(9,2),(9,1)

are inversion pairs in 7. The cycle blocks of T according to m9(7T') are (1), (2,3,4), (5), (6), and

(7,8). We thus compute Wq(7") as shown. Then we find the path

WS(\I}Q(T)) = ((2’ 3)7 (1’3)’ (17 2)7 (1v 1))a

which is an inversion path of T'. Considering this inversion path of T', we see that

(7,6)

is an inversion pair in 7. The cycle blocks of Wq(T') according to mg(Wo(7")) are (1), (2), (3), (4),
and (5,6). We then compute Wg o Wo(7') as shown. From counting the number of inversion pairs

found in each iteration, we conclude that inv(7)=5+1+44+1+3+0+2+0=16.

The following four lemmas give some results dealing with the relationship between conjugation,

7, paths, and the function ¥y, laying the foundation for Theorem 8.19.

Lemma 8.14. Let T be a standard tableau of shape A where A\t n. Let k € {2,3,...,n}. Then

mp(T") = m(T)'.
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ko Wgiq0---0Wg(T) T (WUgy1 00 Wy(T)) inversion pairs identified

9 41819 ((3,3),(3,2),(2,2),(2,1), (1,1))  (9,7),(9,6),(9,5),(9,2), (9,1)

8 31719 ((2,3),(1,3),(1,2),(1,1)) (7,6)

7 31719 ((3,2),(2,2),(1,2), (1, 1)) (8,7),(8,6),(8,5),(8,2)

6 41719 ((2,2),(1,2),(1,1)) (5,2)

5 51719 ((3,1),(2,1), (1,1)) (4,3), (4,2), (4,1)

4 5|7]9 ((1,3),(1,2), (1,1)) none

3 51719 ((2,1),(1,1)) (3,2), (3,1)

2 51719 ((1,2),(1,1)) none

Table 8.1: Computation of inv(7)

We compute inv(T) iteratively. For each iteration k = n to k = 2 find the path 7 in the working
tableau W1 0--- 0 Wy(T') and use that path to identify inversion pairs in the original tableau 7.
Then apply ¥ to the working tableau to obtain the working tableau for the next iteration. Note
that the tableau in row k =9 1is T
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Proof. Let T be as above. Let k € {2,3,...,n}. Consider the paths 7 (T), 7 (T"). For
1 <4 <length(mi(T)), define

ci = i cell of m(T)
d; = i™ cell of 7 (T").

We will prove by induction that d; = ¢}. Consider that T7"(d;) = T'(¢1) = k, so it must be that

di = ¢}. Suppose that d;_1 = ¢,_;. Let (a,b) = ¢;—1. Then d;—1 = (a,b)’ = (b,a). Note that the
cell beneath ¢;_ is (a — 1,b). Note that the cell to the left of d;_1 is (b,a — 1). Thus the cell
beneath ¢;_; is the conjugate of the cell to the left of d;_1, so the content of these two cells is the
same. Label this content as x. Similarly the cell to the left of ¢;_; and the cell beneath d;_; have
the same content, and label this content y. If x > y then, by the definition of 7, ¢; = (a — 1,b)
and d; = (bya —1). If y > z then ¢; = (a,b— 1) and d; = (b — 1,a). Either way, d; = ¢,. Since this

is true for all 1 <14 < length(mg(T")), we have shown

(1) = 7 (T)'. O

Lemma 8.15. Let T be a standard tableau of shape X where A& n. Let k € {2,3,...,n}. Let x be
an entry in T. Let w be a path in T'. Then x is located above w in T if and only if x is located

below 7', the conjugate of 7, in T".

Proof. Let T, k, x, and 7 be as above. Let (r,¢) be the cell containing x in 7" and p be the
uppermost row of 7 at the column ¢, (p,c¢) € w. Suppose z is above 7w in T.. Then r > p. Observe
that (c,r) is the cell of z in 77, and the cell in 7’ corresponding to (p,c) in 7 is (¢, p). Since r > p,
we can say that x is to the right of the path 7 in 7’. Thus z is below 7’ in T”. By analogous logic
it can be shown that if z is below 7 in T then z is above 7’ in T”, which gives by contraposition
that if = is below «’ in T” then z is above 7 in T. Thus z is above 7 in T if and only if x is below

7' in T'. O

Lemma 8.16. Let T be a standard tableau of shape X where A+ n. Let k € {2,3,...,n}. Then
(a1y...,am) is a cycle block in T according to the path 7 (T) if and only if (a1,...,an) is a cycle

block in T' according to the path mp(T").
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Proof. Let T and k be as above. Let (a1,...,a,) be a cycle block in T according to the path
i (T).

Suppose a; is above m(T) in T. Then ag,...,ay,, are below 7, (T") in T. By Lemma 8.14,
7, (T") is the conjugate of 7 (7). Then by Lemma 8.15, a; is below 7 (7”) in 77 and ag, . .., am
are above m(T") in T'. Thus (a1, ..., an) is a cycle block in T" according to 7 (7"). Similarly, if
ay is below 7 (T) in T, then a; is above 7 (7") in 7" and ag, . .., a,, are below 7 (7”") in 7', and
(ai1,...,an) is a cycle block in T" according to 7, (T").

The same argument holds to show that if (aq,...,a.,) is a cycle block in T" according to 7 (7")

then (ay,...,ay) is a cycle block in T" according to 7 (T). O

Lemma 8.17. Let T be a standard tableau of shape X\ where A\t n. Let k € {2,3,...,n}. Then

U (T") = U (T).

Proof. Let T and k be as above. Let x be an entry in T" with cell c.

Suppose z is not in any cycle block of T according to 7 (7). Then the cell of x in Wi (T) is c.
Note that the cell of z in 7" is ¢. Also, by Lemma 8.16, z is not in any cycle block of T”
according to 7, (T"). Thus the cell of z in Uy (T") is ¢.

Suppose z is in the cycle block (a1, ..., ay) of T according to 7 (T), x = a; for some
I €{l,...,m}. Then the cell of x in Wi (7T) is the cell of a;41 in T (or the cell of a; in T if | = 1).
By Lemma 8.16, z is in the cycle block (ai,...,an) of T" according to 7, (T"). Thus the cell of x
in Wy (T") is the cell of a;41 in 7" (or the cell of a; in 7" if [ = 1). But we know that the cell of
a1 in 77 (or a; in T") is the conjugate of the cell of a;11 in T (or a; in T'). Thus the cell of z in
U (T") is the conjugate of the cell of z in Wy (T).

We have shown that for all entries = in T, the cell of x in Uy (T”) is the conjugate of the cell of
x in Ui (T). Thus

\I’k(T/) = \I’k(T)/. O

Corollary 8.18 is a re-expression of Lemma 8.17 in the form that will be needed to prove results

about inversion paths in Theorem 8.19.
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Corollary 8.18. Let T' be a standard tableau of shape X where A\ n. Let k € {2,3,...,n}. Then
\I’k+1o-~-o\IJnOT/: (\Ifk+1o~--o\1’noT)/.

Proof. Follows immediately from applying Lemma 8.17 inductively. O

The following theorem shows the same complementarity of conjugate tableau pairs in
Haglund—Stevens inversion statistic as for the Haglund—Stevens major index statistic in

Theorem 8.4.

Theorem 8.19. Let T be a standard tableau of shape \ where X\ n. Then

n(n—l).

inv(T) + inv(T") = 5

Proof. Let T be as above. Let I be the set of legal inversion pairs in [n]?,

I={(z,y): z,ye{l,...,n},z >y}

Note |I| = @ Let J be the set of inversion pairs in 7' and K the set of inversion pairs in 7".
Note that J and K are subsets of I.
Let (z,y) € J. Let m(¥gy1 0---0 W, oT) be the inversion path beginning at x in 7. By

Corollary 8.18 we have that
Upi10--0W, 0T = (¥pq0---0W,0T),
so by Lemma 8.14 we have that
(U100 oW, 0T) = mp(¥pyr0---0¥,o0T).

Consequently 7 (¥giq 0---0 W, 0o T") is the inversion path beginning at 2 in 7”. Since (z,y) € J,
we know that y is below 7, (¥gi10---0 W, 0T) in T. Thus, by Lemma 8.15, y is above
Tk (Wpyp0--- oW, 0T") in T', and so (z,y) ¢ K. In other words, J C K where K = I\ K. By

o1



similar reasoning, if (z,y) € K then y is above 7 (Vg1 0---0 W, 0T") in T” and y is below

7k (Wpy10---0W,0T)in T, so (x,y) € J which implies K C J. Thus J = K and [ = JUK. Thus

inv(T) +inv(T") = |J| + | K|
= |JUK]|
— 1
n(n —1)
= I
Definition 8.20. Two statistics f and g are jointly distributed on a set X if for every z € X,
there exists y € X such that f(y) = g(z) and g(y) = f(x). For example, inversion statistic and
major index statistic are jointly distributed on Sj, as seen in Table 7.1. Also, the tableau inversion

statistic and major index statistic are not jointly distributed on SYT(A - n), as seen in Table 8.2.

The modified Foata’s bijection F' on S,, provides a joint distribution of inversion statistic and

major index statistic on S,.

Definition 8.21. Let ¢ be Foata’s bijection. Then the modified Foata’s bijection is
F=Iogoloptol,

where I denotes taking the permutation inverse.
Theorem 8.22 ([6]). For every w € S, inv(w) = maj(F(w)) and maj(w) = inv(F(w)).

Since the inversion statistic and major index statistic are jointly distributed on .S, we would
expect this property to be paralleled on the tableau side with the tableau statistics we use for the
Macdonald Conjecture. Since the tableau inversion and major index statistics fail to be jointly
distributed on SYT(A I n) (see Table 8.2), this decreases their suitability as candidates for a,)
and l;(n).

Macdonald’s conjecture remains unproven in the general case. The method of proof would
involve developing a modified RSK algorithm, which, as discussed in Chapter 7, would need to

allow for moving entries of partial tableaux to lower rows in some applications of the modified row
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TeSYTAEDS) inv(T) maj(T) Des(T) || T € SYT(AF5) inv(T) maj(7)  Des(T)

(t[2]3]4]5] 0 0 E 4 4 (4}
1]2[3]4]

4] 3 3 {3} 3] 2 2 2}
1)2[3]5] 1]2[4]5]

H 1 1 {1} 415 6 3 {3}
1)3[4]5] 1]2]3]

5 5 6 {2,4} 215 3 5 {1,4}
1]2[4] 1]3[4]

4 4 2 {2} 214 2 4 {1,3}
1]2]5] 1]3]5]

> 8 6 (2,4} 4 7 5 (2,3}
34 35
1]2 1]2
5 6 8 {1,3,4} 4 5 4 {1,3}
24 2|5
1[3 1[3
3 4 7 {1,2,4} |15 | 9 9 {2,3,4}
2|5 1 4]
1[4 3
1]2
15| 8 8 {1.3,4} 5| 7 7 {1,2,4}
4] 3]
2 2
1]3 1]4
4 6 6 {1,2,3} 5] 10 10 {1,2,3,4}
3| 4]
2 3 |
15 2]
1]

Table 8.2: inv and maj are not jointly distributed on SYT(A - 5)
For example, let U be the tableau of shape (3,2) and reading word 25134. Observe inv(U) = 3,
maj(U) = 5, but there is no 7' € SYT(A F 5) such that inv(7) = 5 and maj(7T") = 3.
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insertion procedure. The proof would also involve defining tableau statistics a,, and l;u satisfying
the condition a,(Q) = inv,(w) and b,(Q) = maj, (w) for (P, Q) = RSK'(w), and possibly

satisfying the condition of being jointly distributed on {T" € SYT(A) : A F n}.
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