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ABSTRACT

In this thesis we consider the structure of magnetic ion centers with 3d-electrons in quantum dots
under the effects of Coulomb and exchange interaction between the 3d-electrons of the impurity
centers and the confined electrons (or holes) existing inside the nanocrystals. In particular, we are
interested how this interaction changes the photoluminescence properties of those materials. We
will make use of representation theory and the symmetry of the crystal structure to find the
orthonormal wave functions that make up the wave functions of the outer, 3d-electrons inside our
dot. The Coulomb and exchange interaction between the extra electron and the states of the
impurity ions together with the confinement effect are expected to mix the wave functions, split
the impurity energy levels, break the previous selection rules, and change the transition

probabilities.
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CHAPTER 1

INTRODUCTION

In Bulk II-VI semiconductor compounds, such as CdSe, CdS, ZnS, ZnSe, or GaAs, doping
of transition metal or rare-earth elements is used to obtain efficient magnetic and optical
properties. With recent developments in nanotechnology, magnetic ion-doped quantum dots have
become a great interest and are studied intensively. Successful incorporation of magnetic ions into
single colloidal nanocrystals in different labs has been reported [1-4], opening the door for many
applications using doped dots in spintronics and quantum information technology. Optical
spectra from single quantum dot doped by magnetic elements such as Mn, Fe, Cr, Co have been
investigated [1, 5-7].

The impurity states in a doped nanocrystal are reported to play an important role in the
electronic structure, transition probabilities, and the optical properties of the nanocrystal. The
optical properties of the impurity centers in nanocrystals are very different from the bulk cases.
One such example is Mn2*. Well known as an activator for photoluminescence (PL) and
electroluminescence, the Mn?* ion has been among the first magnetic ions to be doped into a
semiconductor nanocrystal [1]. It was claimed [1, 7] that the Mn-doped ZnS nanocrystal can yield
both high luminescence efficiency and significant lifetime shortening. The yellow emission is
reported slightly shifted toward a lower energy (in nanocrystal ZnS:Mn it peaks at 2.10 eV
instead of around 2.12 ¢V in bulk). The reported line width of the yellow emissions in the PL
spectrum for a nanocrystal is larger than in bulk and, more importantly, the luminescence lifetime
of the 4T-5 A transition was reported to decrease by 5 orders of magnitude, from 1.8 ms in bulk to
3.7ns and 20.5ns in nanocrystals, while maintaining the high (18%) quantum efficiency.
Considerable attention has been paid to optical properties of this kind of material afterward, and
the increase in luminescence efficiency as well as the lifetime shortening of different quantum dots
and quantum wells have been reported [8-12]. Different models have been proposed to explain the
processes occurring with the impurity centers inside the confined nanocrystals [7, 13, 14], but the
effects of the confinement on the energy structure and transitions of impurity center in the

nanocrystals remain controversial and probably consist of several different mechanisms.



Some of these include strong hybridization of the s—p electrons of the ZnS host and
3d-electrons of the impurity due to confinement, and the modification of the crystal field near the
surface of the nanocrystals [7]. In [15], Huong and Birman proposed that the Coulomb and
exchange interaction of the 3d-electrons of the impurity centers with the confined electrons (or
holes) existing inside the nanocrystals could change the photoluminescence properties in general.
This could explain the observed shortening of lifetime and enhancement of the quantum efficiency
in the specific Mn*? center case. In the strong confinement approximation, the boundary
conditions enhance the coupling, and the effect on PL will be large.

Following the study of the effect of the confinement on the Mn?T center in a
semiconductor nanocrystal [15], in this thesis we consider the structure of magnetic ion centers
with 3d-electrons in quantum dots under the effects of Coulomb and exchange interaction between
the 3d-electrons of the impurity centers and the confined electrons (or holes) existing inside the
nanocrystals could change the photoluminescence properties of the semiconductor dot. The
impurity centers of interest are of magnetic elements with 3d-electrons for instance, Mn?*, Fe?*,
and Co?T in II-VI semiconductor nanocrystals. The Coulomb and exchange interaction between
the extra electron and the states of the impurity ions, together with the confinement effect, are
expected to mix the wave functions, split the impurity energy levels, break the previous selection

rules, and change the transition probabilities.



CHAPTER 2

WAVE FUNCTIONS OF THE CONFINED ELECTRON AND THE IMPURITY
CENTER

In our theory, the electrons of the quantum dot will strongly interact with the electron of
the impurity center. Due to this interaction, the original energy level of the impurity center in the
crystal field will be split, the wave function will be mixed, and the selection rules will be broken.
Then the previously forbidden transition will become allowed and the photoluminescence of the

nanocystal will be changed.
2.1 THE EXTRA ELECTRON CONFINED INSIDE THE DOPED DOT
In order to calculate the interaction between the impurity doping center and an electron
which might exist inside the dot or be injected into the dot to control the emission in the
nanocrystal, we will use the wave function of the electron confined in a spherical quantum dot.
For the electron confined in the dot and localized at some lattice point, we use the
Wannier electron function

dot __ doty,0
1s _Z 151/0

7

;,a>, (2.1)

where Y} are the spherical harmonics, |%, 0‘> is the electron spin function, and R‘fgt is the

envelope function of the 1s electron confined in a sphere of radius R. Here

2 .jl (anl)
Rt — | S AR 2.2
" R3 i1 (Xn1) 22)
where j; is the spherical Bessel function and Y, is the nt® root of the spherical Bessel Functions.

The envelope function is chosen to meet the boundary condition, which requires the wave

function is zero at the boundary of the quantum dot.
2.2 A SINGLE 3d-ELECTRON IN THE CRYSTAL FIELD

Impurity centers are foreign ions replacing host ions or placed interstitially in the lattice.

When such a center is placed in the crystal field of the host semiconductor lattice, the crystal



(due to the ions of the lattice) affects the energy structure of the ion from the crystal field state of
the ion.

We are interested in doping the semiconductor lattice ZnS with transition metal ions,
though the computational result should hold for any crystal lattice with Oy, symmetry. Transition
metals belong to the special class of elements which have n, 3d-electrons (3d™ shell) in the outer
shell. In this section we will introduce the wave function of a single 3d-electron in octahedral
crystal field, then in the next section we will see how to obtain the states of the n, 3d-electrons.

The 3d-electrons, where the d corresponds with [ = 2, are five-fold degenerate energy level.
In an octahedral crystal field, the fivefold degenerate 3d level will split principally into two levels:

the twofold degenerate level e with the additional energy +6Dq and the threefold degenerate level

ty with the additional energy —4Dq [16, 17], where D = = 352¢% and q= %(7“4)303, with ¢ being

4dmeg 4a®

the distance between the lattice sites and —ze being the charge of the ion and —e the charge of an
electron. The parameters D and ¢ always appear together as a product Dgq, which could be
regarded as the strength of the octahedral field. The wave functions of 3d-electron orbitals are u
and v which belong to the E irreducible representation and ¢, , and ¢ which belong to the 75

reducible representation of the Oy symmetry group.

Ey + 6Dq
e(u,v)

Es3q
FEy—4Dq
t2(<7 m, 5)

Figure 1. ENERGY SPLITTING OF A SINGLE 3d-ELECTRON IN AN OCTOHEDRAL CRYS-
TAL FIELD



Here the wave functions have the form

lu) = RsqYy

[0) = 277 Ryg (Y2 + Y5 72)
1€) = 1272 Rag (Y3 + Y5 71)
) = —272 Raq (Y3 — Y51)

1€) = 1272 Raq (Y2 — Y5 2),

where Y™ are the spherical harmonics and the radial functions of the nd-electrons.
2.3 THE 3d" ELECTRON IN AN OCTAHEDRAL CRYSTAL FIELD

The magnetic ions of interest have configurations with outer 3d” electrons. Mn has a 3d°
configuration, Fe has a 3d% configuration, and Co?* has a 3d” configuration. For Mn?* in the
crystal field of ZnS nanocrystal, the transition of our interest is 47;-6A;. The transition 277 -*T5
for Co and the transition 3A,°F for Fe?T will be considered. Due to spin differences, the above
transitions are spin forbidden. In the strong-crystal-field case, the wave functions of the
multi-3d-electron Hamiltonian will be the product of these one-electron orbitals. Let us start with

the reduction process for the two 3d-electron configurations.
2.4 FOR 3d?> CONFIGURATIONS

For two 3d-electrons, the wave functions will belong to representations contained within
the Kronecker products of the possible representations for the electrons. In particular we are

interested in the products

exe=A1+As+ FE
exto=T1+4+ 1T,

to Xtg=A1+E+T1 +To,

where A is one dimensional, E is two dimensional, and 7T is three dimensional. Here we use the

notation found in [18] where lower case letters are used for the electrons and the systems use



capital letters. A subscript 1 indicates symmetric basis functions, and a 2 indicates
anti-symmetric basis functions. Here symmetric and anti-symmetric refer only to the orbital wave
functions. The total wave functions (including spin) of the system must be anti-symmetric.

From here we can find the wave function for the system in each of these configurations. In
our notation, the wave functions are denoted as |a, B) where a gives the electron configuration,
and B is the representation the system belongs to. The order of induction should not matter
since electrons in the same state are indistinguishable from one another. Also, here u and v are
wave functions belonging to the E representation, while &, n, and ¢ belong to T5.

At this step we still do not include spin in the configuration. Another point of notation is
that we use subscripts to indicate the order in which the electron with that wave function was
introduced. For example, instead of |e?, A1) = %(u(rl)v(m) + u(re)v(ry)), we will write
%(ulvg + ugvy). Here, the multiplicative operation indicates a Slater determinant. For example,
uvy = |ugvg| = %(ulvg — u9v1) where multiplication on the left is ordinary multiplication. More
generally, for n functions, f;, and n electrons located at ry...r,,

fi(r)  fa(r1) fn(r1)

1 |fi(rz) fo(re) -+ fa(ra)
\fl-‘-fn\:ﬁ : N :

fl("“n) f2(7"n) fn("“n)

For E, we have two functions Fu and Ev. For induction we use Fu for u and Ev for v. For e x e

the wave functions are

1

|€27 1A1> = ﬁ (urug + v1v2)
1

|e2,3A2> = 7 (u1v9 — v1u2)

}62, 1Eu> = \}5 (urug — v1v2)
1

’62, 1Ev> = E (ugve + viug) .

For t9 X to = A1 + E + 11 + 15, we obtain

(@]



1

t%, A1) = %(6152 +mmn2 + C1¢2)
2.5 = 616+ emm + 206)
£.12) = @6+ Emm + GG
2, 1) = \}gm@

82, T¢) = ;gcl&

|2, T7) = \}gfﬂn

2.T8) = G

3

1
[t2,75) = ﬁa@

\}gﬁlfz

S

|.15) =

Here, € is the first cube root of unity.
Continuing the reduction we can get all wave functions for t™e* configurations, for

m,k € Z and m+ k =n.

2.5 FOR 3d® CONFIGURATIONS

Starting from e?

, we have systems with wave function which are basis functions for the
A, As, and F representations. Suppose we then introduce an electron with a wave function
belonging to the e representation, then the resulting system’s representation would be E, if it
previously was Aj or Ag, or Ay, A, and F if the system’s representation was E. That is

Ay xe=F, Ay xe=F and E x e = A1 + A, + E. Now we compute the wave functions

inductively, starting with a system in A;



1
|€3,E1> = }62,A1>U3 = E(ulvg + UQvl)U3

|€2,E2> = |e2,A1> v3 = (u1v9 + ugvy)vs.

V2
Here the subscript indicates at what point in the induction the electron with that wave function
was added. Also, note how we did this for each basis function of E. We then do the same for As:
|e ,E3> = }62,A2>u3 = i(ulvg — Ugv1)us

V2

1
|€2 E4> |e A2> \/i(ulvg—uwl)vg.

Moving along, we come to the case of the system with the |62, E> state. In this case we have

|e3,A1> (|e E1>v3+ }e E >U3) (ujugvs + v1vu3)

7
7

S\

|63,A2> (|e E1> }e E2>u3) (ujugus — v1vU3)

%\

|e3,E5> = |62,E1>u3 = UiugU3

|e3,E6> = |e2,E2>v3 = V1V9U3

Continuing with the process, we will show some more results for Ay X to and Ty X to, for

example. For A X ta,

2, T5) = [t?, A1) & = 7(5152 +mmn2 + €1¢2)&3

’t37 T22> = ‘t27 Ay)ms = (&1&2+mmn2 + G¢2)ns

— —
%‘Hw

2, 15) = [t*, A1) (3 = %(5152 +mn2 + (1¢2)G3



and for Ty X tg:

.4, =

t?, E") =

1) =

3,11 =

[#,77) =

2,14 ) =
t3,73) =

2,15 =

The process for finding the wave functions for e? x t and e x ¢? is much the same. We

start with a system wave function in the appropriate representation and then introduce an

7
1
3
1
V3
1
e
S
V3
1
§
fw e
7}t27T22>£3
\[}tZ 1>
=123
fw, )6
Sl e

electron in the appropriate representation.

2.6 WAVE FUNCTIONS FOR . 7

We obtain all the reduction up to 3d” to cover a series of transition metals. The following

is a representative result for ¢ which also involves spin, which is indicated with a 4 for up, and a

— for down:

(|63, 73) & + |62, T5 ) ns + |2, T5) ()
(G283 + £1G2m3 + m&2C3)

(1%, T2) & + € [£, T5) ms + € £, T5) Gs)
(Cimés + e€1Goms + €6m&als)

(15, T2) &+ € 17, T5) ms + € [£7,T5) Gs)

(Cimés + €€1Gams + em&als)

1
§U1§2§3

= 1§1C2§3

3

C1m2m3

§1G2m3

= -C1m2C3

3771§2€3~



|t7,4T1{L'> = |t3,4A2> ‘t4, 1T2£>

— —\2 (€t Ch) (EnF ¢ — ¢t
1
VG
|t7,4T1y> = |t3;4A2> ‘t4, 1Tz77>
- —é (€7t Ch) (EFnPe — e nPCt)
1
V2
’t774T12> = |t3,4A2> |t47 1T2§>
- % (€t Ch) (€Fn ¢ — et )
1
VG
t7,2Eu) = [t*, ' Ay) |¢%, 2 Bu)
- \% (€02 +12C2 + CP€%) (€T ¢t — € ¢
1
VG
— &Pyt =P e T = eyt
t7,2Ev) = [t',1 A1) |t3, 2 Ev)
— \}6 (€202 +2C2 + (2€%) (26 e — P ¢ — et

1

V6
— P (T PG T+ Tyt

— EPE Tt P CE T+ CEETC).

(EnT¢ten ¢ — &t ¢ten ¢t

(ErnTetetn®c — ¢yt ¢te i)

(Ent¢tetn ¢ — ¢yt ¢tent¢?)

(T ¢+ 0Pty ¢+ ¢y ¢t

(2807 T + 2Pt + 207yt
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CHAPTER 3

ELECTRON-IMPURITY CENTER EXCHANGE INTERACTION

In this chapter, we look at the exchange and Coulomb interactions, as well as programs to

aid in computing the exchange operator.
3.1 THE EXCHANGE INTERACTION

In this section, we look at how to calculate the exchange interaction of the extra electron
in the dot with the 3d-electrons of the impurity. The operator of the interaction is the Coulomb

interaction

k
4142 4192 T
V(ry,r)=—=—— Z %Pk(cos 0),
12 > >0 >

where 719 is the magnitude of the distance between electrons at r1; and r9; r~ and r~ are the

smaller and larger of 71 and 79; and Py are the Legendre polynomials, which is defined as

47

Py(cosf) = ST

M
Y. YMOY(2).
me[—k,k]
Here, the overline atop the second Y indicates the complex conjugate and the arguments relate to
the electron with that subscript.

Then V(r1,r2) can be written as

4 k o
Vi) =123 :[ - <T<> S Y(Co)Y (dot).

T T
Z k>0 >/ k<m<k

We will compute (1pp|V|p1)), where ¢ is the confined electron wave function, and v is the wave

function of the 3d™ impurity we calculated in Section 2. For example, for |t7, 4T1y>,
Y= —g5 (€T CrETCT — €5t (TET)P(CT) and so

1

(WolVIpy) = = ((ETnT¢T e — ¢ e ¢ o| Ve (EMnT¢Crern® ¢ — ¢t Cren?c)).

O |

To compute this we may write it as a sum. Since the exchange may be between the dot

electron and any one of seven 3d electrons, this becomes

11



2 (W|V]pw) = ((€TnTCh) (ETn°¢ = n*C) ol Ve (ETnt¢T) (€n¢ — € n°CT))
= (ETTCTEMPCT |Vttt et
— (&P |V Tt Cre T
— (e NPTVt eT )
+{ENTCTE NPT V] Ty Cren*cT)
= (€alVIp€) (" e It CreTn?CT)
(T e|V]en ™)y (Er¢retn® e ¢ret )
gt ettt ETPCT)
Ert P e CT)
Erpt ety ¢ letnTCtet ()
ey CTE T CTE T TCT)

gt e P |Etn T e y?)

+ o+ o+ + o+ A

A~ o~~~

where 02 = 019~ for 0 € {&,n,(}.
3.1.1 LOOKING FOR NORMALIZATION AND ELIMINATING ZERO TERMS

We want to compute the operator V of the exchange interaction matrix elements and
seven 3d-electrons of the impurity center for this wave function.

We would be working with something like

WolVIpy) = (€Tt ¢TenT ¢ =&t T en¢) o|V]e (€Tt ¢t — et ¢t e?n=(¢h))

however it quickly turns into something much nicer. We first distribute to form four integrals over

eight variables. However, because the operator V is the sum of the seven components (1 through

12



r7), each of these four integrals may be written as the sum of seven others. So, for instance

(EMTCTENT |Vt P et () = (€| V]t (nTnt) . (¢CT|¢T) + ..

(e (el V).

In this case all of the bra-kets not containing V' will be identically 1. We do the same for
(ETNTCHEnT |V |t ¢TE?n~¢T), however this time we find that every term would include
either (¢7|¢T) or (n™|n~). Due to orthonormality, these are identically 0 and therefore the whole

thing is identically 0. Collecting terms, we end up with

(Wl VIgp) = 6 (€olV[0€) + 4 (n|VIpn) + 4 (CplV]eC) -

To obtain the correct values for the actual wave function, halve the coefficients.

3.1.2 MATRIX ELEMENTS AS THE PRODUCT OF RADIAL AND ANGULAR
PARTS

In spherical coordinates, each of V', ¢, £, n, and ¢ may be written in separation of

coordinates as the product of a radial part and an angular part. As a specific example, using

§= LR?,d (YQQ + YQ_Q)

V2
1
n= ER:‘}d (Y21 - YQ_I)
¢= %RBd (Y5 - Y5 %)

¢ = R{%Yo0

q1q2 47 r<\* —m
Vi) =12 () Y warie,

r r
> >0 >

we can see that (ne|V]en) is equal to

4 ro\*
<R3dR§‘§t =y <<> Rd°tR3d> <(Y21—Y21)Y00 Y YY) Yoo (Yar — Yaoi)
>

2k+1

,
k>0 >

—k<m<k

13
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3.1.3 THE ANGULAR PART

The angular part of (ne|V]en) is

<(Y21 — Y1) Yoo| Y Yem(1)Ykm(2)|Yoo (Va1 — Y21)> :

—k<m<k

This may be expanded out as

Z ((Yar = Yo1) Yoo | Vi (1)Y i (2)| Yoo (Ya1 — Ya-1))
—k<m<k

= > (YarYoo|Yien(1)Y o (2)[ Yoo Yo )

—k<m<k

= Y (Yo 1Yo0|Yim (1) Y km(2)] Yoo Yar )
—k<m<k

= Y (Va1 Yoo |Yim ()Y km(2)[ Yoo Y2-1)
—k<m<k

+ Y (Va1 Yoo|Yam (1) Y km(2)[YooYa-1)
—k<m<k

= > (Yo [Vim|Yo0) (Yoo Yim|Y21)
—k<m<k

— > (Y1 [Yim|Yoo) (Yool Viem|Y21)
—k<m<k

= Y (Yar|Yeml|Yoo) (Yool Vem Y1)
—k<m<k

+ Y (Yo1|Yim|Yoo) (Yoo | Yim[Ya1) -
—k<m<k

From the normal-orthogonality of spherical harmonics, we know that most of this is identically
zero. In particular, the only items we consider are those which satisfy p’ = p + p, k + 1" + ' is

even, and ' — [* <" 4 ', where p, [, k come from <Ylf’z

Yé‘Ylft>. Here the t and ¢ are not
exponents, but rather are used to distinguish the variable in the first position of one function

from another.

14



Let us find our possible k, focusing on

Z (Ya—1]Yem[Yo0) (Yoo|Yer|Y2-1) ,
—k<m<k
and (Ya_1|Ygm|Yoo) in particular. Here I' =2, p' = —1, p=m € [k, k], and I’ = ! = 0.
However, there is only one possible m and one physically possible k. It is convenient that
the angular part of R‘fg’t is Ypo since this leads to a special case of the Clebsch-Gordon coefficients

with

(_1>j1—m1
V252 + 1
<lem1 |Y]’2m2|y00> = <Y00|Yj2m2‘yj1*m1> .

<le m |szm2 |Y00> = 5j1j2 5m1 —mg

From this it is clear that & = 2 and we can easily find the m. For (£p|V|p€) we have

> (B Yoo) (Y5 | ViR YE) =0
—k<m<k

- _ 1
> (Y Yoo) (YO YE) = (Y YR IYG) (Vg Y2 YE) = £

—k<m<k

_ _ _ _ 1
> (FYao) (VB VY5 ) = (V[ YD) (Vs s ) = ¢

—k<m<k

> () (s ) = 0.

—k<m<k

So (£¢|V|p€) = —1 since we did not include the \% coefficient. This will be the same for all the
wave functions, so these three only need to be computed once.
As for the others, they are computed to be (ng|V|¢n) = —1 and ((¢|V|¢¢) = 1. From

this we can say that the angular part of {(*T1z) ¢|V|e (*T1z)) is —2.
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3.1.4 RADIAL PART

Lastly, before moving on to the splitting, we need to look at the radial part which

fortunately is the same for all wave functions. What we are computing is then

47 T
R Rdot q142 < RdOtR
< r> z; 2k + 1 r> 3d ’

however we know k from the work above and so this works out to be

RyqRI0t| 1192 Qg dm (r<
r> 5 r>

Since we have two electrons, one at r and the other at v/, which are indistinguishable from

RdOtR3d> )

one another, we must consider the case for both r < v’ and r > 7’. In so doing we must set up two
integrals. Before we do that, however, we can simplify this a bit, by removing some constants. We

then will parameterize the resulting integration.

First we can pull out the constants 43; T but also break up R{%'. This function is [19]

With this, we have

dot Qg2 4m (re dot _ e : r
(ot 2227 (12t = s (s (o7

Then with the parameterization this would be ﬁp, where

p—/ / 3Jo Jo< };> R3q(r)R3q(r") dr'dr
/ / ’3‘70 ]0 < >R3d(T)R3d(T') drdr’.
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3.1.5 LOOKING FOR NON-ZERO INTEGRALS

Let us look at finding the zeros for <4T1xg0‘rY1q‘2Eucp>. From before we have
1
t74T — = (et Tt 2+, — 2, —+
|t " Th) 4V§(€ N CT) (€T =& ()

L@ 12 ) (e et — et

t72E —
,250) -

Since the order itself is not important so long as we pay attention to the sign, we may rewrite

these two as

1

(Erernt¢te) (nt ¢ —n¢h)

S

2
=TT eyt ey

L@ e e ey —en)ct

S

6
=P (M — &) P+ (M e Ch+ G (¢ — et ¢t
=&t Pty T+ ey (T

—EPE ¢t =P Cent ¢t = et

3.2 A PROGRAM

Since there are approximately 121 billion combinations which need computing, it is
impractical to do so by hand. Fortunately the computation is largely an if-then check which can

be looped over.

To facilitate computing this with a computer, we represent these system wave functions as

an integer array with each integer representing a simple electron wave function. By rearranging
the elements of the array, or rather the indices, we effectively permute the function. We do this

for two functions, comparing the i*" integer in one with that of the second. If they are equal, we

either increment or decrement the coefficient on that product of three inner products. Whether it

is incremented or decremented is determined by the sign of the permutation.

For this task we use Julia as our programming language. It is fast and easy to use and
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read. Julia performs best when parts of a task are broken up so that the compiled code may be
inlined easily. To this end we break the job of computing the matrix coefficients up into a

collection of separate Julia function, each taking care of one part of the larger computation.
3.2.1 LIST OF PERMUTATIONS OF INDICES

The first function we need is the one that generates the list of partial permutations of the
indices. Since what we are actually computing is the integer coefficient on some (61p|Y,r|pf2),
two of the indexed wave functions will be tied up. Those wave functions are independent on the
same variable as the functions that make up our operator. They can not be pulled out of the
integral in the same way, and therefore do not play a part in this particular computation. The
method chosen to accomplish this is a brute-force approach and we store all our the permutations
we will need. This is very fast and takes a relatively little space. We have six loops iterating over
the numbers 1 through 7 sans those numbers which are already in the temporary array P. If we
were looking for all permutations of the numbers 1 through 7, we would need eight looks,
however, that is not what we desire. At each step, the current value is set before moving to the
next loop. In the innermost loop we set the N*! column to equal our constructed permutation

and then decrement N.

function eightPerms()
N = Int64(factorial(7)/2)
PERMS = Array{Int8,2}(undef,6,N)
P = Array{Int8,1}(undef,6)
for a in (1:7)
P[1] = a
for b in setdiff(1:7,a)
P[2] = b
for ¢ in setdiff(1:7,P[1:2])
P[3] = ¢
for d in setdiff(1:7,P[1:3])

P[4] = d
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for e in setdiff(1:7,P[1:4])
P[5] = e
for £ in setdiff(1:7,P[1:5])
Pl6] = f
PERMS[:,N] = P
N -=1
end
end
end
end
end
end
return PERMS

end

The end result is a 6 x 2520 array of 8 bit integers. Each column will serve as a list of
indices which we can loop over later. It is significant that our indices are in columns since Julia is

column major. This makes accessing them much faster.
3.2.2 DETERMINING THE SIGN FOR PERMUTATIONS OF (0,1,2,3,4)

The next function we will need gives us the sign of the coefficients which is that of the
permutation. To find the sign of the permutation, we count number of inversions, when a larger
index precedes a smaller one. In the case of this example, there were not any inversions. On the
other hand, the permutation (0,2,1,3,4) has a single inversion with 2 coming before 1 and so we
need to make the sign negative for any results with that permutation. Like before, this is handled
by a computer.

Each time we exchange two adjacent numbers, the sign changes. An alternative, simpler
method which produces the same result is to count the number of inversions. Also, it should be
pointed out that although this is not a complete permutation, there exists a bijection between

each of the partial permutations we are working with and a permutation of the same length.
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function PermSign(perm::Array{Int8},pLen::Int)

counter = 0

Threads@threads for i in 1:pLen

for j in i:plLen

if perm[i] > perk[j]
atomic_add! (counter,1)

end

end

end

return (-1) “counter

end

This function is very simple. We count the number of inversions by looking first over the
elements of the permutation and then looping over those that come after it. We only check those

that come after to both avoid double counting as well as simplify the process.
3.2.3 ENCODING THE FUNCTIONS

Now that we have our permuted indices and the signs of those permutations, the next
thing we need is to give the program something to apply these indices to. While it is possible to
feed a program the wave functions as a string, this would not be very efficient, and would present
unnecessary challenges. So instead we define a bijection between each wave function and an array
of integers. Before we do so, however, we rearrange the electron wave functions so that there are
no negative signs. We may do this since we are working with Slater determinants, and the

transposition of adjacent electron wave functions results in a sign change. This is done to avoid
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having to keep track of which sections of the wave functions are additive and which are
subtractive for reasons other than the permutations. In this way, v/2 |t7, 4T1x> would be
Er et H T CTETET (T

Since the distributive property remains, we need to be able to select specific pieces of each
of these wave functions. We also need to be able to compare the electron wave functions for a
particular index. So, we have each column represent one of the subsystem wave functions and

then the rows are for the indexed electrons.

£t &t
nt o0t
¢to¢t
&t ¢
& ¢t
UM
¢ ¢

However, while computers can compare and call strings, I assume that it is faster to work
on integers. For this reason each wave function is represented as an integer. To be more specific,
we map £ to 0, n to 1, and ¢ to 2. If it is spin up, we leave it as is, but if it is spin down, we add

10. Now ’4T1x> as an array is

00 00
01 01
02 02
00 10
10 00
01 11
12 02

Here the first digit from the left indicates the spin (up or down) and the second whether it
is &, n, or ¢. Note the change from n~(T to (*n~. This is to ensure that there are no negative

signs. This is admissible because we are dealing with the Slater determinant. It is easier to do
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small reorderings like this than it is to try and keep track of the signs. In the code, the functions

are stored as
Tx = [0 0;1 1;2 2;1 1;10 10; 1 2;12 11]
in the code. Also, |2Eu> has the encoding

Eu=[012012,10 11 12 10 11 12;1 2 0 1 2 0;11 12 10 11 12 10;

00011 1;11 11 11 10 10 10;2 2 2 2 2 2].

3.2.4 DETERMINING ZERO

The last function we need is meant to determine whether or not we have a zero or not for
a specific pair system wave functions and permutations. Since the spins and electron wave
functions with the same variable must be equal (due to orthonormality) we check to see if the
integers representing them are equal. Suppose we have an array of indices [3 2 1 4 5 6] for

both the left and right. We test for zero with the following script.

X=1[32145 6]

Y=[32145 6]

output 0
for i in 1:6
for j in 1:6
suboutput = 1
for k in 1:6
if Tx[X[k],i]l '= EulY[k]1,jl:
suboutput = 0
end
end
output += suboutput

end

end
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The outer-most loop, i, goes through the columns of Tx, the middle loop goes through the
columns of Eu, and the inner-most loop picks out the appropriate sub-function, applying the
permuted indices. Then, should any one of them equal zero, the suboutput is set to zero which
gets added to the output.

That is the basic idea behind checking for zero. We do, however, want this to be more

general.

function ZeroCheckPairJl(

lwf::Array{Int,1},rwf::Array{Int,1},p: :Array{Int,1},pLength: :Int

)
suboutput = 1
Threads.@threads for k in 1:pLength
if lwflplkl]l !'= rwflplkl]
suboutput = 0 # No worries over race conditions
end
end
return suboutput
end

This function does not loop over columns of the wave functions. It takes as input a single
column from each wave function and two columns from the array of permutations. It also takes
the length of the permutation which should be the same length as all the other vectors being
passed into the function. For our purposes this value is 6. For performance reasons, it is best to
either hard code it, or compute it outside the function. It should be noted also that this loop
executes over as many threads as allowed, and though each iteration is almost certainly accessing
suboutput, each is doing so in the same way so there is no risk of corruption from race conditions.

Finally, the function which will compute (0;¢|Y{r|¢0s) is

function ZeroCheckJ1(

LWF: :Array{Int,2},RWF: :Array{Int,2},PERMS: : Array{Int8,2}
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output = 0

N = size(PERMS, 1)
pN = size(PERMS,2)
rwN = size(LWF,2)
1wN = size(RWF,2)

for i in 1:pN
Sign = PermSign(PERMS[:,i],N)
for j in 1:pN
Sign *= PermSign(PERMS[:,j],N)
for k in 1:1wN
for 1 in 1:rwN
output += ZeroCheckPairPy(
PERMS[:,i] ,PERMS[:,j],LWF[k] ,RWF[1],N
)*Sign
end
end
end
end
return output

end

This function takes the full wave function and array of all permutations to be used as
input. It then loops over the column indices of the permutation array twice, each time computing
the sign of the permutation before doing the same for the wave functions provide. We check for

zero and add either +1 or —1 to the output.
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CHAPTER 4

RESULTS

Using the wave functions calculated in Chapter 2 and the interaction operators in Chapter
3, we are able to calculate matrix elements of exchange interaction between the electron confined
in the dot and all 3d-electrons of the impurity center. These matrix elements play an important
role in the splitting of impurity energy levels. As a result of the interaction, energy levels of the
ground state and excited state will be split, and the transition between the two levels become
allowable due to the change in selection rule. The exchange interaction between the extra electron
on the impurity electrons splits the energy levels and makes the former spin-forbidden transition
become allowable and decreases the lifetime of the transition.

This result leads to the fact that by injecting one extra electron into the dot, one can
change the transition probability and the optical properties of the nanocrystal. In the future, we
will apply this result to calculate for all important transition metals doping and predict the
change in photoluminescence. The first step in the future study will be for Co and Fe doped ZnS
and ZnSe nanocrystal, and the changes in luminescence transition and the shortening of the

transition lifetime will be calculated to compare with the experimental results.
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APPENDIX B

THE TREE OF WAVE FUNCTIONS

Here is the result of the induction process for identifying what wave functions we have.

This is necessary to ensure that the desired wave functions exist.

B.1 3d?
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|eot3, 2T1 X e) — |elt3, 1T1> , }elt3, 1T2> , |elt3,3T1> , }elt3,3T2>
|60t3,4A1 X e)— |elt3,3E> , |elt3,5E>

’eot3,4E X e)— |elt3,3A1> , ’elt3,3A2> , |elt3,3E> , |€1t3,5A1> , |elt3, 5A2> , |elt3, 5E>

)
)
)
)
€°8%,2Ty x e) — |2, 1), |e't3, 1 Ty) | |2, °TY) , |83, 3 Ty)
)
)
93,47y x e) — e, ° T, |e't3, 3Ty, |2, 7T ), |e't3, P Ty)
)

|eot3,4T2 X e) — |elt3,3T1> , }elt3,3T2> , |elt3, 5T1> , }elt3,5T2>
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%43, 2 A1 x t) —
%43, 2 A5 x t)
%%, 2E x t)

)

%%, 2Ty x t
%43, 2T, x t)
%3, 1Ay x t)
"%, 1B x t)

%%, 4Ty x t)

%43, 4T x t)

—(A1A2FE)1 + (A1 A2FE)3 + (A1 A2E)5

)
— ‘60t4, 1T1> , | Ot47 3T1
— ‘60t4, 1T1> 7 | 024;47 1T2

— ‘eot4, 1A2> , |60t4, g
— ‘eot4, LAy, |60t4, g
— ‘60t4,3T2
N ‘60t4, 37y, | Ot 3Ty

— ‘60t4, 34,5), |60t4, SE

— ‘60t4, 3A1

‘e 17, ” Ot 3T,

e
’ 0t4
‘eot4,3A2>,|eOt4,3E 7’ O
| 0t4
‘60t4,3A1
e, T,

)
)
)
)

‘eot4,5A2 7 |e°t4,5E

, |60t4,3E

)
)
)
)
)
)
", 2E) |0,
)
)+ le
)sle
)sle
)sle
)sle

)
)
)
)

‘60t4,5A , |eot4,5E

At —(NTa)1 + (T1Te)3 + (T Th)s

37
7,
37
7,

3T

\/\/\/\/\/
H~
S
w
o3
A R

2 5(A1AsETiTo)1 + (A1 AsETh T)3 + (A1 A2ETi To)5

3 5(A1A2ETiTy)1 + (A1 AsEThT)3 + (A1 A2ETi To)5

4 (A1 A ETITy)1 + (A1 AsETh T)3 + (A1 A2ETi Ty)5
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B.4 3d°

|e4t0, T4, xe) — |e5t0, 2E>
|e4t0, T4y xe) — |e5t0, 2E>
’e4t0, 1B xe) — |e5t0, 2A1> , ’e5t0,2A2> , |e5t0,2E>

|e4t0,3A1 X ey — |e5t0, 2E> , |e5t0,4E>

)
)
)
)
|40 34 x ¢) = |20, 2E) 510, 1)
)
)
)
)

410 3E x €)= |e10,24,) , [910,24,) |50, 2 ) |50, 1Ay} , [0, 1 4y |30, 1)
16420, 5.41 x €) — 310, 1K) 510, S F)
|64£0,5 45 x €) — 310, 1K) 510, S F)
40 5 x ¢) — |e1°,14;) , [510, 14,) |50, 1) |50, 6 Ay} , 310, 45) |31, O )

e, 1Ay x t) —|e't!, 2Ty

et 14y x t) — 't 2Ty
' VB x t)y —|e't!, 2Ty, et * Ty
0,341 x t) — |e't!, 2Ty, [e't, 1Ty
e PE x t
0,541 x t) —|e't!, 1Ty, [e't!, Ty

|e1t0,5 45 x t

)= )
)= )
)= )
)= )
10,34y x t) — |t 2Ty) , [e't!, 1Ty
)= )
)= )
)= ettt AT ettt Oy
)= )

)
)
)
et 2Ty ) et 2T, [t ATy ) ettt A Tn)
)
)
et "B x t )

|e4t1, iy |e4t1,4T2 7 |e4t1, 6T1> ’ |e4t1, 6T2>
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le?th, " Ty x t) —

le?th, " Ty x t) —

39

)

)

Yo lettt AT ettt M)
) et AT ettt 4 T)
)o et 0T [ett, O T)
)o et 0T [ett, O T)
), €342, 2T ), €22, 2T
)o[e%7, 2 ) [€%, 2 T)
)o e, ) |7, 2 ),
), |e*% 0T €22, 0T
Y, €342, 2T ), €22, P
), |e*% AT €22, 4T
)o|e*? AT (e, 4T
)o[e%7, 5T, [€%2, O )
). |2 4T €22 4T,
)o e, °Th)  [€%, O )



222,14y x ) — %2, 2 )
212,14y x ) — %2, 2 )

212,15 x €Y — |32, 24,) %2, 2 A5) | |2, 2 )
212,17, x €) — [e42,2T1) |42, 2Ty

2121, x €) — [e42,2T1) |42, 2T

212,34y x ) — |2, 2E) |42, 1)

|62t2,3A2 X e)— |€3t2, 2E> , |63t2,4E>

)
)
)
)
)
)
)
[€22,3E x €) — |42, 241}, [ %2, 24,) , [€442, 2B) , |e¥2,44,) , |32, 1 45) , |42, U )
622,37y x €) = [¢¥2,2Ty) , 342, 2T), [ e%42, 41 ) , €342, T3)

[€22,3Ty x €) = [¢32,2Ty) , 342, 2T), [ e%42, 41 ) , €342, T3)
22,54, x €} = |e*2,9E) , |32, O )
622,54, x €} = |¢*2,1E) , |32, O F)

[€22,5E x e) — |2, 441}, [ %2, 14,) , [442,4E) , [e¥2,64,) , |32, 5 43) , |42, O )
622,57y x €) = [¢32,9Ty) , |32, 4T3),, [ ¢¥42, O3 ) , %42, O
)

|€2t2, Ty x €) — |e3t2,4T1> , }e3t2,4T2> , |e3t2,6T1> , }e3t2,6T2>
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le*t?, 1Ay x t
%%, 1Ay x t
e*t? 1B x t

|e*t?, 1Ty x t

|e*t?, %Ay x t
|e®t?, %Ay x t
e*t?,3E x t

)=
)
)
)
e*t?, 1T x t)
)
)
)
)

|e*t?,%Ty x t
e*t%,°T x t)
|e*t?, " Ay x t

|e*t?,° Ay x t

)
)
|e*t?,°E x t)
)

|e*t?,°Ty x t

|e*t2,°T, x t)

)
—>‘e t3,2T1>
)

(€23, 245) |25, 2E) , 243, 2T, |23, 2T

)
)
— |e?3,4Ty) , |e*t?, O
)
)

—)‘62t3,4T1 7| 2t3,4T2 ,‘ t3 6T1

— ‘62t3,4A2 ,|62t3,4E ,|e 3,47

— ‘62753, 4A1

)
)
)
)
)
)
)
)
S [eB,24,) (263, 2EY 30,2 |40 2Ty
)
)
)
)
)
)
)
)

‘e t3 2T

— 2,2 Th) , €263, 2Ty
— 23,2 45) |3, 2E) , |23, 2Ty ), |[€%t3, 2T
— 23,241, |3, 2E) , €263, 2Ty ), |[€%t3, 2T
— |e%t3,2Ty) , |23, T
— %321y, |e*t3, 4Ty
)

— ‘62t3,2T1 ,|6’2t3,2T2 ,‘e 3, T ,|62t3,4T2

)

Y

) )
) )
€283, 2 As) , [e*3,1E) |, €23, 4Ty) , |83, 4T
) )
) )

‘62t3,4A1 ,|€2t3,4E 7| 243 Ay ,‘62t3,4T2

— ‘62t3,4T1 R |€2t3, 6T1

16263,545) ¢33, 5 ) |23, 5T,

 |e*t B |2,

\/ ~— ~— ~— ~
('b
H—
w
[}
S
~— ~— ~— ~— ~—

)
)
)
)

16263,y ¢33, 5 ) |23, 5T,

41



|3, 14y x ) — |23, 2 )
|3, 14y x ) — |23, 2 )

31 x €Y — |23, 24,) [ ¢3°,2A5) | |26 2 )
31Ty x €) — [¢263,2T1) |23, 2Ty

31Ty x €) — [e263,2T1) |23, 2Ty

|43 34y x ) — ¢35, 2E) |21, 1)

|elt3,3A2 X e)— |€2t3, 2E> , |62t3,4E>

)
)
)
)
)
)
)
[€143,3E x €) = |23, 241, |32, 24) , [¢%3, 2E) , |23, 1 Av) , |23, 1 Ag) | 243, 4 )
13,371 x ) — |22, 2T1) , |23, 215 , |23, V1), | 243, AT5)

[€14,3Ty x ) — |2, 2T1) , |23, 2T , |23, V1), | 243, AT3)
143,541 x ) — [, 1E) |22, O F)
143,545 x ) — [, 1E) |22, O F)

13,5 x €) = |23, 141, |32, 145) , [¢23,4E) , |e23, 6 A1) , |23, 6 A5) , | 243, O )
143,571 x ) — |22, 4T1) , |23, 45 , |23, 5T ), | 243, O
)

|elt3, 5T2 X ey — |€2t3,4T1> , }62t3,4T2> , |€2t3,6T1> , }62t3,6T2>
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le't?, 1Ay x t
le't?, 1Ay x t
le't* 1B x t

le't?, 1y x t

le't? 3 Ay x ¢
le't?, %Ay x t
le't? 3B x t

le't?, 3Ty x t
le't?,5T, x t)
le't? " Ay x ¢

le't?, " Ay x t

)
)
't °E x t)
)

le't?,5Ty x t

le't?, 5Ty x t)

)
—>‘e t4,2T1>
)

)=
)
)
)
't 1Ty x t) —
)
)
)
)

— ‘61t4, 4A1

‘e t4 2T

— ‘eltll, 2T1 7 | 1t4,

— ‘elt4,2A2 , |elt4,

‘elt4,2A1 7 |elt4

— ‘61t4,4T2> , |elt4,
— ‘61t4,4T1> , |elt4,
N ‘61t4,4T1> : | L,

— ‘61t4,4A2 , |€1t4,

‘61t4,6A2

)
)
)
)

‘elt4,6A , |61t4,

43

et

et

2T2>

EY, e, 2Ty), [e't!,*Ty)

VB, |t 2T ettt P T)

6T2

)
)
— |e't!, 2Ty, 't 4T
— |e't!, 2Ty, |e' et 4T
— 't 2Ty, 't 2T |t AT ) L ettt A T)
— |e't!,2As), [e'th 2E) [e'th 2Ty, et 2 Ty)
't 2 As) et 1E)  elth 4Ty, ettt 4 T)
— |e'th,2A), [e'th 2E) et 2Ty ), et 2 Ty)
't 2 A) et AE) el 4Ty ettt 4 T)
)
)

67,

DY [ 0T, |e'e O
‘B, et T, ettt 1 Th)
SEY, e, °Ty), [e't!,°Ty)
1B, et M) e t4,4T2>,

) ) )

OB [e', 5Ty



%t T Ay x €) — |e't!,2E)

%!, T Ay x €) — |e't!,2E)

" 1B x e) — [e'th, 2 Ay, |e't?, 2 Ag) , |e't!, 2E)
%41y x e) — [elt, 2Ty, ettt 2 Ty)

%417 x ) — [t 2Ty, et 2 Ty)

%, 3 A1 x €) = |e't!,2E) , 't 1E)

|eot4,3A2 X e)— |elt4, 2E> , |elt4,4E>

)
)
)
)
)
)
)
94,3 x e) — [e'th 2 Ar), |e't?, 2 Ag) , |e't! 2E) , |e'tt 1AL et 1 Ay) et 1 E)
944,53y x e} — [e!th 2Ty) , et 2Ty, et 4 Ty) | |ttt 4 T)

94,3y x e) — [e'th2Ty) , et 2Ty , et 4 Ty) , |e't!, 4 T)
%P Ay x €) — |t 1E) , |e't!, OF)
%, P Ay x €) — |t 1E) , |e't!, OF)

944, °E x e) — ettt 2 Ar) ettt Ad) et AE) el O AL ) et O A) €'t O F)
%44, °Ty x e) — et A Ty) et 4Ty, et OTy) | |ttt OT)
)

|eot4, Ty x €) — |elt4,4T1> , }elt4,4T2> , |elt4,6T1> , }elt4,6T2>
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|€Ot4, 1A1 Xt
|€Ot4, 1A2 Xt
%t 1B x t

24,1y x t

%t 3 Ay x t
%", 3 Ay x t
%' PE x t

)=
)
)
)
%44, 1Ty x t)
)
)
)
)

%", 3Ty x t
%, x t)
%t P Ay x ¢t

%t P A x ¢t

)
)
"', °E x t)
)

%", 5Ty x t

%, 5T, x t)

)
—>‘e t5,2T1>
)

)
N ‘60t5, 2T1> 7 | 024;57 4T1
— ‘60t5, 2T1> 7 | 0t5, 2T2 ’ ‘ t5 47-11

— ‘60t5,2A2> 7 |€Ot5,2E 7 | 0t5 2T1

)
)
— %%, 4Ty , |"¢?, O T
)
)

— ‘60t5,4T1 7| 0t5,4T2 " t5 6T1

%‘60t5,4A2 ,|€Ot5,4E 7| 0t5 4T1

— ‘eots, 4A1

)
)
)
)
)
)
)
)
S [e005,24,) [0 2 %60, 2Ty
)
)
)
)
)
)
)
)

‘6 52T

S [0, 2)  [6°, 2 Ty
S [e045,245) (%65 2B 000, 2T ), [e6°, 2T3)
S [e005,24,) [0 2B 005, 2T) ,[e6°, 2 T)

N ‘60t5, 2T2 7 | 024;57 41’v2

‘60t5,4A2> 7 |€Ot5,4E 7 | 0t5 4T1

\/\/\/\/\/
H—
o
N
5
S~ S S S~

‘60t5,4A1 ,|€Ot5,4E 7| 0t5 4T

— ‘60t5,4T1 , | 0141.57 6T1

‘60t5,6A2 ,|€Ot5,6E 7| 0t5 6T1

,|€Ot5,4E 7| 0t5 4T1

\/\/\/\/\/
H—
ot
[}
5
~ S~ " S~ ~~

)
)
)
)

‘60t5,6A ,|€Ot5,6E 7| 0t5 6T
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e (A1 A3E)s + (A1 A2E)y + (A1 AsE)g
et —(TiTh)2 + (T1To)4 + (T Th)6
32 (A1 AsET\Th)o 4+ (A1 A2 ET Ty + (A1 A3 ET Th)g
23 (A1 AsET\Th)o 4+ (A1 A2 ET Ty + (A1 A2 ET Th)g
et (A1 A ETTo)g + (A1 AsET Th)g + (A1 A2 ETi Ty)s

o —)(AlAQETlTQ)6 —+ (AlAQETlTQ)G + (AlAQETlTQ)G

B.5 3d°

1580, 2 41 x €) — 519, 1B, [¢519,3F)
16510 24 x €) — |50, 1EY 519, )
3192 x €) — 510,14, ), [¢810, 1 4,) , [510, 1E) | €510, 3 A1) | [e519,% Ap) , 519, 2 )
1510 44, x ¢) — |50, 3E) , |519,5 )
1510 44, x €) — |50, 3E) , |519,5 )
310, 4E x €) — 519,24, ), |51, 34,) , [510,3E) | €510, 5.41) , [e519,5 A5) , 519, )
1510 64 x ¢) — |50, 5E) , |519, TE)
16510 64y x €) — |50, 5E) 519, TE)

319, 51 x €) — 519,54, ), [¢510,545) , [510,5E) | ¢80, TA,) | [e519,7 Ay) , 519, TEE)
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70,241 x t
70,2 A4y x t
|e°t", 2B x t

|50, %Ay x t

50,4 x t
%10, 941 x ¢
|€°t0,545 x ¢

)
)
)
)
€540, % Ay x t) — |et!
)
)
)
)

|e°t", OB x t

— |e5t1,

)
)
)
)
ST et
)
)
)
)

3T1 ’} 1

(€51, 1T5),, |3t ° T

S [eBHL 1Ty, |51, BT

S |63t PT) [P, 5Ty

—>|€5t1,1T1 ’} 5t1 1T2 7| 5t1 3T1> }65t1,3T2>

3T2 7 | 1 5T1> ’ }65t1,5T2>

S [R5 [, 7Ty

S [R5 [P, Ty

)
)
)
)
7y
)
)
)
)

—>|€5t1,5T1 ’} 5t1 5T 7| 5t1 7T1> }65t1,7T2>

|e4t1,2T1 X e> — |e5t1, 1T1> , |65t1, 1, , |e5t1,3T1> , |65t1,3T2

|e4t1,2T2 X e> — |e5t1, 1T1> , |65t1, 1, , |e5t1,3T1> , |65t1,3T2

|41, 4T x

|41, 5T, x

47

) )

) )

41,43 x €) = |31, |54, 3T) , €941, 5Ty ), [Pt O T)
S [€BEL AT |3, ) |54, 5T €941, 5T )

) )

) )

)
|e4t1,6T1 X e> — |e5t1,5T1> , |65t1, 5T, , |e5t1, 7T1> , |65t1, T,
)

S [eSLOTY [, 5T5) |5, 7T L €9t T



|ett!, 2Ty x t) —

‘64t1,2T2 X t>

et ATy x t) —

et ATy x t) —

lett!, Oy x t) —

|e*t!, 0Ty x t) —

le*t?, 1 Ag) | |e*t?,
le*t?, 2 A5) , |e*t?,
— |, 1A, et
le*t?, 2 Ay) , |e*t?,

]e4t2,3A2 7 |e4t2,

]e4t2,3A1 ,|e4t2

le*t?, 2 Ay) , |e*t?,
le*t?, % As) , |e*t?,
le*t?, T Ap) | |e*t?,
le*t?, Ay, |e*t?,

]e4t2,7A1 ,|e4t2,

48

B

)
)
)
)
)
le*t?, % As) , |e*t?,
)
)
)
)
)
)

1E 7| t2 lT

SEY, ', 2Ty
'E), [e*? 1Ty
SEY, |e*?,* Ty
SEY, |e*?, 2Ty
Jett?, T
E),|e*?, Ty
EY,|e*?, Ty
"B, |e*?, Ty

Sp 7| 42,57y

)
)
)
)
)
EY,|e*?, Ty
)
)
)
)
)
)

\/ e — — — — o~ o~ o~~~ \/
4>
o~
N
o
S
~— ~—— ~— ~—— ~ ~—— ~— ~—— ~—— ~—— ~—— ~—

7E | 4t2 7T



|e3t?,2A1 x €) — |e*t?, ' E) , |e*t?,°E)

|e3t%,2 A5 x €) — |e*t?, ' E) , |e*t?,°E)

€342, 2E x e) — [e"?, 1 Ay) , |e*t?, T o), |e*t2, T E) , |eft2, 3 Ar) | [et2, P Ag) |12, P )
€342, 2Ty x e) — [e*2,1Th) , [e*2, 1 Tn) , [e2,5Th) |, |2, T)

€342, 2Ty x e) — [e*2,1Th) , [e*2, 1 Tn) , [e2,5Th) |, |2, 3 T)

|e3t?, 1Ay x €) = |e*t?,°E) , |e*t?,°E)

|e3t2,4A2 X e)— |e4t2,3E> , |e4t2,5E>

)
)
)
)
)
)
)
3420 x e) — [eM?, 2 A1), |e*t?, 2 Ad) , |e*t2,3E) | €2, P Ay ), €2, 7 Ay) , |'2,°F)
342,47y x €) — [e*,3T1) , |e*2, 2 Tn) , ', P Ty ), €2, P T)

|342,4T x €) — [e*2,3T1) , |e*2, 2 Tn) , [e*%,° Ty ), |e*t?, P T)
342,041 x e) —|e*?,PE), [e*?,TE)
|e3¢%,045 x e) — |e*?,PE), [e*?,TE)

342,08 x e) — [e*?,5 A1), |e*t?, P Ad) , |e*t?,PE) , [e*t?, T Ay ), €2, T Ag) , |'?,TE)
342, 5Ty x e) — [e*2,5Ty) , [e*2,5Tn) , [e, "Th) |, |e*t?, ")
)

|e3t2,6T2 X e)— |e4t2, 5T1> , }e4t2,5T2> , |e4t2, 7T1> , }e4t2,7T2>
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3%, A4y x t) —
3%, Ay x t)
e%t%,2E x t)
|e%t%, 2Ty x t)

€%t%,2T x t)

le?t?, 4 Ay x t
le?t?, 4 Ay x t

3%, 1B x t

~ ~—  ~— ~

|e2t?, 4Ty x t
€324, x t)
|e?t?, %A1 x ¢

|e?t?, 045 x ¢

%%, OF x t

~  ~— ~— ~

|e%¢2,5Ty x t

|e%t2,5T, x t)

)
S €330y 3, 0T
N N SN

— ‘eStS’ 1A2> 7 |€3t3, 1E 7 ’ 3t3 1T1

— ‘63t3,1A1> 7 |€3t3,1E 7| 3t3 1T1
)

S 30T €43, 9Ty |88 5TY |42, 5 T,

— |33, 341) |3, 3E) , |33, 3Ty ), |23, 3T
)
— |33, 5Ty, |33, 7T
)
)

—)‘63t3,5T1 7| 3t3,5T2 " t3 71v1

—)‘63t3,5A2 ,|63t3,5E 7| 3t3 5T1

INERRIR

)
)
)
)
)
)
)
)
)
)
— [€%3,%42) , |€°° P E) |23, 5Ty ) |, €%, P T
)
)
)
)
)
)
)
)
)
)

‘6 3 1T | 3t3,3T2

Y

‘63t3,3A2> 7 |€3t3,3E 7 | 3t3 3T1

\/\/\/\/\/
&
w
w
o3
A R

‘63t3,3A1 ,|€3t3,3E 7| 3t3 3T

— ‘63t3,3T2 7| 3t3,5T2

)
N ‘63t3,3T1> 7| 33,5
)

Y

Y

)

)
|343,5.45) , |33 OB | %3, , |43, 5T

)

)

~ S~ S~~~

‘e3t3,5A1 7 |e3t3,5E : |63t3,5T1 7 ‘e3t3,5T2

— ‘63t3,5T1 7| 3t3,7T1

‘e3t3,7A2 ,|e3t3,7E 7| 3437,

|2 PE) |3,

\/\/\/\/\/
H—
w
~
5
S~ S S N~

)
)
)
)

343, TAy), |23, TE) , |23, 7Ty
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123,24, x ) — %3, 1B) | ¥, )

123,245 x ) — %3, 1E) | ¥, 3 )

(€203, 2 x €Y — |33, 14, %2, 1 Ag) L |43, L) €43 3 Ay ) |33, 3 As) |19, 2 )
€263,y x €) — [e¥3,1T1) |63 1T |94, , €43, 3 T)

€263,y x €) — [e¥3,1T1) |63 1T |93, 2T , |43, 9 T)

123,14, x ) — %3, °B) | ¥, )

|62t3,4A2 X e)— |63t3,3E> , |63t3,5E>

)
)
)
)
)
)
)
€263, x €) = |33, A1), [ %2, 3 ) , |33, 3E) , |33, 5 A1), |33, Ag) | 343, 5 )
23,971 x ) — |82, 3T1) , e, 3 , |33, 5T ), | 343, 5 )
623,975 x ) — |82, 3T0) , e, 30 , |33, 5T ), | 343, 5 )
623,841 x ) — |2, 5B}, |¢%2, TE)
623,845 x ) — |2, 5B}, |32, TE)
(€23, 5 x €) = [33,541), [ %2, 54) , [¢%3,5E) , |38, TAv) |33, T Ag) | 343, D)
623,571 x ) — |82, 5T1) , e, 5 , |33, T, | 343, )
)

|€2t3,6T2 X ey — |e3t3, 5T1> , }e3t3,5T2> , |e3t3, 7T1> , }e3t3,7T2>
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|e*t?,2 Ay x t) —
|e*t?,% Ay x t)
|e*t%,2E x t)
|e*t%, 2Ty x t)

|23, 2T x t)

le?t?, 1Ay x t)
le?t?, %Ay x t)
2%, 1B x t)
e*t%, 4Ty x t)

23,47 x t)

le*t? 0 A1 x t)
le*t?, 04y x t)
|e*t3,9F x t)

)

|e*t3,5Ty x t

|23, x t)

— ‘62154, 1A1

— ‘62754, 5A1

‘e T, ” 2t

)
— ‘e t4, 1T1> , |€2t4,
)

‘62t4,3A2> , |€2t4,3E , ’e 4,31

)
)

‘62t4, 3A1

— ‘62t4, 3T, |€2t4,

)
— ‘62t4, 3T1> 7 | 2t4,
)

— ‘62t4, 3A2> , |€2t4

‘62t4,5A1 7 |62t4,5E : |€2t4,5T1 ’ ‘62t4,5T2

— ‘62t4, Ty , |62t4,

)
)
— ‘62t4, 5T2> 7 | 2t4,
)
)

|2t TA), %t TE) , |e*t!, T Ty

52

)
)
)
)
)
)
)
)
)
)
°E)
)
)
)
)
)
)
)
)
)
)

3T2

3T1

— ‘62t4, 1T1 , | 214;47 1T2 , ‘ t4 3T1

— ‘62t4, 1A2> , |€2t4, LBy, ’e t4 '

|2t TE) et Ty

,|62t4,3E ,|e 4,31

5 TQ

5 Tl

— ‘62t4, 3T1 R |€2t4, 3T2 s ‘62154, 5T1 R |62t4, 5T2

)

)

|2t P As) , [e*thPE) , et 5Th) , |e*t, P Ty

— |e®t" 3 A1), [t 3E) €%t 2Ty ) | et 3Ty
)

7T2

T

— ‘62t4,5T1 ,|€2t4,5T2 ,‘e t4 s}

— |e?t!, 5 As) , [t P E) et P Ty

)

‘62t4,7A2> , |€2t4,7E , |e .71y
>, |62t4,5E , |e t*,°Ty
)

2,4 3 2,4 3
,|€t,T1 7‘6t7T2

\/ ~ ~—  ~—  ~—
('Y:
H~
W
w
o3
~— ~— ~— ~— ~—

Y

Y

~ S~ S~~~
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H—
S
~
5
~ S~ S~ S~~~



le't!,2A1 x €) — |*t!, ' E) , |e*t!,°E)

le't,2 Ay x €) — |*t!, ' E) , |e*t!,°E)

't 2B x e) — [e*th 1 Ay) |2t T Ag) |2t TE) €%t B Ay ) €%t P Ay) |11, PF)
|e't4,2Ty x e) — et 1), |24, 1 Tn) , |24, 3Ty ), et 3T

|e't4,2Ty x €) — [t 1), |24, 1 Tn) , |24, 3Ty ), et 3T

le't!, *A; x €) —|*t!,2E) , |e*t!,°E)

|elt4,4A2 X e)— |€2t4,3E> , |62t4,5E>

)
)
)
)
)
)
)
't 2B x e) — [e*th P Ar) |21, P Ad) , |2t BE) et P Ay ), €%t P Ay) |1, P F)
M4, 4Ty x €) — et 3Ty |24, 3Tn) , |24, P Ty ), et P )

|1t 4Ty x €) — €4, 3Ty |24, 3Tn) , |24, P Ty ), et P T)
le't!, 6 A1 x €) —|e*t*,°E) , |e*t,"E)
le't, 6 A5 x €) —|*t*,°E) , |e*t!,"E)

't 0 x e) — [e*th, 5 A1), |e%h, P Ad) , |2t PE) , |e®t, T Ay ), €%t T Ay) |1, TE)
|14, 0Ty x e) — [e%t4,5Ty) , et 5Ty) , [e*th,"Th) , |e*t*, ")
)

|elt4,6T2 X e)— |€2t4, 5T1> , }62t4,5T2> , |€2t4, 7T1> , }62t4,7T2>
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le't!,2A; x t) —
le't!, 2 Ay x t)
le't!,2E x t)
|e't4, 2Ty x t)

|e't4, 2Ty x t)

le't, 1Ay x t
le't!, 1Ay x t

't 1B x t

~ ~—  ~— ~

't 4Ty x t
't 4Ty x t)
le't!, %A x ¢

le't!, 04 x ¢

)
)
le't!, Ok x t)
)

le't!, 5Ty x t

le't!, 5T, x t)

)
— e, 1Ty e, 3Ty
— |1 ' 1) |1,y
— |e't®, 1 Ag) , [eM 1 E) e, 1Ty

S [el5, 1Ay [0, Y [, 1Ty

S [el5,5T) |15, 5Ty

)
|5, 5Ty)

)
LM, 3A4,) |
L34, |
— ‘61t5,5T2> , | 1141.57 7T2
— ‘elts, 5T1> R |€1t5, 7T1
L |eMTY) |5, 5T |, T

S [el5,54y) |15 O E) |15, 5T

INEREVE

‘e 5,17, ,|elt5,3TQ>

145, 345) , [e145, 2 ), [e145, Ty

1145,34,) €145, B, |45, T

S (el PT) [0 0Ty | 5T L [eltB, 5T

‘elt5,5A2 7 |elt5,5E

)
)
)
)
e 145 57
)
)
)
)

)
)
)
)
)
)
)
)
)
)
)
)

‘elt5,5A1 7 |elt5,5E 7 |elt5,5T1 7 ‘elt5,5T2

‘elt5,7A2 ,|61t5,7E ,|e .77y

,|61t5,5E ,|e t5,°Ty

) )
) )
) )
) )

le't?, TA), ', TE) , |e't®, TTy
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,|6t,T1 7‘6t7T2
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169,24, x ) — [e145, 1), |e!t5, 3 )

194,245 x ) — [e145, 1), |e115, )

(€919, 2 x €) — |45, 14, [e145, 1 Ag) , |15, L) , €145, 3 Ay ) |14, 3 As) 115, 2 EE)
€905, 2T3 x €) — [e145,1T1) |47, 1Ty, |15, T ), [e14°, 3 T3)

€945, 2T, x €) — [e145,1T1) |47, 1T, |15, 3T ) , |45, 3 T3)

19,44y x &) — [e145,°E) |15, )

|eot5,4A2 X e)— |elt5,3E> , |elt5,5E>

)
)
)
)
)
)
)
€965, x €) = |15, A1), |15, 3 4s) , |15, 3E) , e85, 5 A1), |€145,5 A5) , | 145, 5 )
€965, 9Ty x ) — |45, 3T1) , |15, 35 , |45, 5T ), | 145, 5T

[€965,9T x ) — |15, 3T1) , 145,35 , |45, 5T ), | 145, 5T
|6%45,541 x ) — |13, 5}, |e1t5, E)
695,845 x ) — |13, 5E), |15, E)

€965, 5 x €) = [e115,5 A1), [e145,5 ) , [e145,5E) , o145, T Av) , |45, T Ap) | 145, T D)
€965,5Ty x ) — |15, 5T1) , |15, 55 , |45, T ), | 145, )
)

|eot5,6T2 X ey — |elt5, 5T1> , }elt5,5T2> , |elt5, 7T1> , }elt5,7T2>
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77,2 Ay x t) —
%7, % Ay x t)
%%, 2E x t)
%%, 2Ty x t)

%%, 2T, x t)

%%, 1Ay x t)
|e%t%, Ay x t)
%%, 1B x t)
%%, 4Ty x t)

%%, 4T, x t)

€%t 0 A1 x )
|9, 0 Ay x t)
%%, OF x t)
)

%%, 5Ty x t

%%, 5T, x t)

)
€65, 17y, %5, 5Ty
(€15, 17y), €245, 1T3), | %48, 3T

— ‘eOtG’ 1A2> 7 |€Ot6, 1E 7 ’ 0t6 1T1

196,14,

S [, 3Ty) , [e98,3Ty) |01, 5Ty ) |46, 5T

—e%0,341),[e%5,3E) , %40, 3Ty ), %48, 3T
)
— %48,y , |%¢%, 7T
)
)

—)‘eot6,5T1 7| 0t6,5T2 " t6 71v1

%‘eot6,5A2 ,|€Ot6,5E 7| 0t6 5T1

196,54,

)
)
)
)
)
)
)
)
)
)
— [€%°,%45) , |29 P E) ,|€°40, 5Ty ) , €919, ° T
)
)
)
)
)
)
)
)
)
)

‘6 6 1T | 0t6,3T2

Y

‘60t6,3A2> 7 |€0t6,3E 7 | 0t6 3T1

7|€0t671E 7| 01 17y

\/\/\/\/\/
~
=)
w
o3
A R

)
‘60t6,3A1> 7 |€Ot6,3E 7| 0t6 3T

— ‘eOtG,STZ 7| 0t6,5T2

)
N ‘60t6,3T1> 7| 0 57
)

Y

Y

)

)
16%46,5.45) , %5, 1Y [%6,5T1) , |15, 5T

)

)

~ S~ S~~~

‘60t6,5A1 7 |€Ot6?5E : |6015675T1 7 ‘60t6,5T2

— ‘60t6,5T1 7| 0t6,7T1

‘60t6,7A2 ,|€Ot6,7E 7| 0t6 7T1

,|€Ot6,5E 7| 0t6 5T1

\/\/\/\/\/
H—
[e}
~
5
S~ S S N~

)
)
)
)

‘60t6’7A ,|€Ot6,7E 7| 0t6 7T
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€® = (A1A2E)1 + (A1 A3E)3 + (A1 A2E)5 + (A1 A2E)7

et (T T)1 + (T1Th)s + (T1Ta)s + (ThTh)7
e*t? (A1 AsET\Ty)1 4 (A1 A ET1Th)3 + (A1 As ET\Ty)5 + (A1 A ET T,
33 (A1 ASET\To)1 + (A1 A ET\To)3 + (A1 Ao ET 1 Ty)s + (A1 ASETi Ts)7
At (AL ASET\To)1 + (A1 A ET\To)3 + (A1 AsET 1 Ty)s + (A1 ASETi Ts)7

et) (A1 AsET Ty + (A1 AsET\To)3 + (A1 AsET1Ty)s + (A1 AsETi Ts)7

9 5 (A1 A2ET\T)1 + (A1 AsETTo)3 + (A1 A2 ETi To)s + (A1 AsET To)7

o7



B.6 3d"

|69, 1Ay x €) —|e"t%,2E)

€649, 1 Ay x €) —|e"t%,2E)

540, E x e) — [eTt°,2 A1), |70, 2 A2) , |e"t0, 2 E)
|69, 3 A1 x €) — "%, 2E) , |e"t", ' E)

|66t0,3A2 X e)— |e7t0, 2E> , |e7t0,4E>

510 3 x ¢) — |10, 24,) , [eT10,24,) |70, 2B |70, 1Ay}, [e710, 1 A4y |70, 4 D)
1510, 5.41 x €) — 710, 1K) 710, O F)
1510,5.45 x €) — 710, 4E) 710, O F)
510 5 x ¢) — |10, 14;) , [T10, 1 4,) |70 A |70, 6 Ay}, [e710,6 43) |70, O )

|66t0, TA; x €) — ’e7t0,6E> , |e7t0,8E>

|66t0, T4y x €) — ’e7t0,6E> , |e7t0,8E>

)
)
)
)
)
)
)
)
)
)
)
)

’thO, "Exe)— ’e7t0,6A1> , ’e7t0,6A2> , |e7t0,6E> , ‘e7t0,8A1> ,

e7t0,8A2> , ’e7t0,8E>
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50,1 Ay x t
50,1 Ay x t
|0t 1B x ¢
020,341 x ¢
€010, 345 x ¢
0" 3B x t
010,541 x ¢
080,545 x ¢
|0t °E x t
540, T Ay x t
540, T Ay x t

)=
)=
)=
)=
)=
)=
)=
)=
)=
)=
)=
)=

540, 7B x t

— [0, % T,
— [e%',°Ty
— [0, 2Ty) , %!, 2T
— [0, 2Ty) , %!, 4Ty
— [0, 2Ty, eS¢t 4Ty
— [0, 2T0) |0t 2T, |t AT ) | €5t AT
— [0, 4Ty , |e%t!, 5T
— [e%¢, 4Ty, |8, Oy
— [0, 4T) |0t AT |t Oy ) | €5t O )
— |91, %Ty) , |e%th, T,

|€6t1 6T1 ’} 6t1 8T1

)
)
) )
) )
) )
) )
) )
) )
) )
) )
) )
) )

|€6t1,6T1 ’} 6t1 6T 7| 6t1 8T1> }66t1,8T2>
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|5, 1Ty x e) — |8, 2Ty
|5, 1Ty x ) — [, 2Ty
x ey — |eSth, 2T
— |8, 21y
|e5t!,°Ty x e) — [e%, 4Ty
x e) — et 4Ty
x e) — |, 5Ty

|e5t1,7T2 Xe)y— |66t1,6T1

?

~ ~ —  ~— o~~~ o~

60

|0t 2Ty
|0th, 2Ty
|0th, 2Ty
€51, 2Ty
|5t Ty
€8t 4Ty ) | eBt

7|€6t1’6T2 7| St 8T

\/\/\/\/\/\/

7|€6tl’6/11 7‘ th ST



le®th, 1Ty x t) —
le°th, 1Ty x t) —
le°th, 3Ty x t) —
e°th, 3Ty x t) —
le°th, 5Ty x t) —
e°th, 5Ty x t) —

|5, 7Ty x t) —

|5, 7Ty x t) —

]e5t2,2A2 ,|e5t2,2E 7| 52,
]e5t2,2A1 ,|e5t2,2E 7| 52,
]e5t2,2A2 ,|e5t2,2E 7| 52,

’€5t2,4A2 ,|65t2,4E 7| 5t2

€%12,2 A1), [, 2E) , |2,
582, 2 Ay) , [P, 4E) | |72,
€582, 2 As) , P2, 1E) |, |e7t?,
|€%12,045) , |2, 5F) , |2,
€582, 2 A1), [P, 4E) | |78,

’e5t276A1 ?|65t276E
’e5t276A2 ?|65t276E
’e5t278A2 ?|65t278E

’e5t276A1 7 |65t276E

)
)
)
)
)
)
)
)
)
)
)
)
)
)

S NN NN N N N N N~ o~

’e5t278A1 7 |65t278E
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|e4t2, 1A xe) = |e5t2, 2E>
|e4t2, 14y xe) — |e5t2, 2E>

’e4t2,1E>< e —>|e5t2,2A1>,’e5t2,2A2>,|e5t2,2E>
|e4t2,1T1 X e —>|e5t2,2T1>,}e5t2,2T2>
|e4t2,1T2 X e —>|e5t2,2T1>,}e5t2,2T2>

4,2 3 5,2 2 5,2 4
|et,A1><e —>|et,E>,|et,E>
|e4t2,3A2 X e —>|e5t2,2E>,|e5t2,4E>

’e4t2,3E X e) —> |e5t2, 2A1> , ’e5t2,2A2> , |e5t2,2E> , |€5t2,4A1> , |e5t2,4A2> , |e5t2,4E>
|e4t2,3T1 Xe)y— |e5t2, 2T1> , }65t2,2T2> , |e5t2,4T1> , }65t2,4T2>
|e4t2,3T2 Xe)— |e5t2, 2T1> , }e5t2,2T2> , |e5t2,4T1> , }65t2,4T2>
|e4t2,5A1 X e %|e5t2,4E>,|e5t2,6E>
|e4t2,5A2 X e %|e5t2,4E>,|e5t2,6E>
’e4t2,5E X e)— |65t2,4A1> , ’e5t2,4A2> , |e5t2,4E> , |e5t2,6A1> , |e5t2,6A2> , |e5t2,6E>
|e4t2, Ty x ) — |65t2,4T1> , }e5t2,4T2> , |65t2,6T1> , }e5t2,6T2>
|e4t2, Ty x €) — |€5t2,4T1> , }e5t2,4T2> , |€5t2,6T1> , }e5t2,6T2>
|e4t2,7A1 X e *>|65t2,6E>,|65t2,8E>
|e4t2,7A2 X e *>|65t2,6E>,|65t2,8E>

|e4t2, "Exe)— |€5t2,6A1> , |e5t2,6A2> , |e5t2,6E> , |e5t2,8A1> , |e5t2,8A2> , |e5t2,8E>
|e4t2, T xe) — |65t2,6T1> , }e5t2,6T2> , |65t2,8T1> , }e5t2,8T2>

)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)

|e4t2, 7T2 X ey — |65t2,6T1> , }e5t2,6TQ> , |65t2,8T1> , }e5t2,8T2>
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|€4t2,1A1 Xt
|€4t2,1A2 Xt
e*t? 1B x t

le't?, 1Ty x t

le*t?,3A; x t
le*t?,3 Ay x t
|e*t?, 3B x t

)=
)
)
)
e't?, 1Ty x t)
)
)
)
)

|e't?, 3Ty x t
e't?,°Ty x t)

le*t?, 5 Ay x t)
le*t?,5 Ay x t)
e't?,°E x t)
e't?,°Ty x t)

e't?,°T, x t)

le*t?, T Ay x t
le*t?, 7 Ay x t

e't?,"E x t

~ ~—  ~— ~

|e*?, 7Ty x t

%2, 7Ty x t)

)
— ‘6 t3,2T1>
)
— ‘64t3,2A1

)
)
— |e*t3,5T) , |e*t?
)
)

INEERE

‘e t3 2T

— ‘e4t3, 2T1 , | 4t3

— ‘€4t3, 2T2 , | 4t3

)
— ‘€4t3,2T1> , | 4t3
)

‘€4t3,4A2>,| 4t3 4E 7| 4t3 4T1

)
)

‘64t3, 4A1

N ‘e4t3,4T2> 7| oA
N ‘e4t3,4T1> 7| oA
N ‘e4t3,4T1> 7| oA
‘64t3,6A2>7| M3 O 7| 43,57,

‘64753,6.41 7| 4t3 6E 7| 4t3 6T

N ‘64753, 61v1 7 | 4t3

445,84,

)
)
)
)

2 1’!2

AT,

Ay

— |3, 2Ty, |3, 2T, |e*t?, 4Ty

—)‘64t3,2A2>,| 4t3 2E 7| 4t3 2T1

7| 4t3 2E 7| 4t3 2T1

7| 4t3 4E 7| 4t3 4T

o7,
o7

)
)
)
)
)
)
)
)
)
)
)
)
1)
)
)
)
)
)
)
)
)
)
)
)

4)‘64t3,4A2>,| 4t3 4E 7| 4t3 4T1

4)‘64753,4./41 7| 4t3 4E 7| 4t3 4T1

87,

8T1

S (64,5 4,) |43 OBY ¢4, 5T) |4, 0Ty

) )
) )
7 | 4t3 SE 7 |64t3,8T1> ’ |64t3,8T2>
7 | 4t3 6E 7 |64t3,6T1> ’ |64t3,6T2>

) )

" 4t3 6T1

— ‘e4t3’2A2> , | 4t3 2E , |€4t3,2T1> , ‘64t3,2T2>

- ‘e4t3,2A1> : | A3 2EY |e4t3,2T1> : ‘e4t3,2T2>

\/ ~ ~  ~ \/
('Y:
H—
w
N
5
~— ~— ~— ~— ~—

\/\/\/\/\/
4>
o~
w
[}
3
~ S~ S~~~

S (et 0T[4 0Ty |8 ST 4P, 5T

Y

Y

|64t3,8A 7 | 4t3 8E 7 |64t3,8T1 ’ |64t3,8T2



|e3t3, T4, xe) — |e4t3, 2E>

|e3t3, L4y xe) — |e4t3, 2E>

’eStB,lE X e —>|e4t3,2A1>, ’e4t3,2A2>,|e4t3,2E>

|€3t3,1T1 X e —>|e4t3,2T1>,}e4t3,2T2>

|€3t3,1T2 X e —>|e4t3,2T1>,}e4t3,2T2>

|e3t3,3A1 X e —>|e4t3,2E>,|e4t3,4E>

|e3t3,3A2 X e —>|e4t3,2E>,|e4t3,4E>

’e3t3,3E X e) —> |e4t3, 2A1> , ’e4t3,2A2> , |e4t3,2E> , |e4t3,4A1> , |e4t3,4A2> , |e4t3,4E>
|63t3,3T1 X e) — |e4t3, 2T1> , }e4t3,2T2> , |e4t3,4T1> , }e4t3,4T2>

|e3t3,5A1 X e %|e4t3,4E>,|e4t3,6E>
|e3t3,5A2 X e %|e4t3,4E>,|e4t3,6E>
’63t3,5E X ey — |e4t3,4A1> , ’e4t3,4A2> , |e4t3,4E> , |e4t3,6A1> , |e4t3,6A2> , |e4t3,6E>
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